A REALISATION OF THE QUANTUM SUPERGROUP U(fl[ m |J 

JIE DU AND HAIXIA GU 

Abstract. We reconstruct the quantum enveloping superalgebra U(gI TO i n ) over 
Q(i>) via (finite dimensional) quantum Schur superalgebras. In particular, we ob- 
tain a new basis containing the standard generators for U(g( m i n ) and explicit mul- 
04 ■ tiplication formulas between the generators and an arbitrary basis element. 

>>: 

When an algebra is defined by generators and relations, the realisation problem 
C~- of the algebra is to reconstruct the algebra via a certain vector space — the realisa- 

tion space — together with some explicit multiplication rules on a basis of the space. 
For example, for Kac-Moody algebras, the affine case is constructed in [12] via loop 
algebras and central extensions while, for symmetrizable Kac-Moody algebras, the 
. problem was solved by Peng and Xiao [19] via root categories and Hall multiplica- 

tion. If the realisation space happens to be the Grothendieck group of a certain 
representation category, such a realisation is also known as categorification. 

Since the introduction of quantum groups in late eighties, their realisation and 
applications have achieved significant progress. For example, Ringel [20] gave a re- 
^ . alisation for the ±-parts of quantum enveloping algebras of finite type. This work 

has also been generalised by Lusztig [131 E]> Green [10] to the symmetrizable case. 
The realisation problem for the entire quantum enveloping algebras has also attracted 
much attention. For example, Beilinson, Lusztig and MacPherson solved the problem 
for quantum gl n via endomorphism algebras of certain representations, namely, the 
quantum Schur algebras. This approach has also been investigated in the affine case 
by Deng, Fu and first author; see [E] and [3]. Recently, Bridgeland [2] has solved 



X 



the problem for all quantum enveloping algebras of finite type, generalising the con- 
struction in [19]. In this paper, we will tackle the problem for the quantum groups 



associated with the Lie superalgebra Ql m i n - 

The work was motivated by several recent developments about the quantum Schur 
or i>Schur (if the parameter needs to be specified) superalgebras S(m\n,r). Firstly, 
Rui and the first author [9] introduced these algebras and established several prop- 
erties in analogy to those of quantum Schur algebras. For example, the construc- 
tion of standard bases via super double cosets gives the base change property, the 
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Kazhdan-Lusztig combinatorics via super cells and super Robinson-Schensted-Knuth 
correspondence gives a construction of simple modules in terms cells modules. More- 
over, these algebras have also alternative characterisations as a homomorphic image 
of the quantum supergroup U(gl TO i n ) and as the dual algebras of the homogeneous 
components of the super matrix coordinate bialgebra. Secondly, a presentation for 
these algebras have been given by Turkey and Kujawa [21] via the epimorphism from 
U(gl m i n ) to S(m\n, r). Thirdly, by applying the relative norm method of Hoefsmit 
and Scott developed in 1977 (see [H]) and its application to quantum Schur algebras 
[5], the authors together with Wang [7] determined a classification of their irreducible 
representations at a root of unity when m + n > r. 

All these works suggest that the realisation of U(g[ m | n ) via quantum Schur super- 
algebras should exist. However, since the BLM realisation for quantum gl n relies on a 
geometric setting for quantum Schur algebras, it is inevitable that one has to develop 
a new and algebraic approach in the super case. Motivated from a large amount of 
computation with relative norms in [7], we discover in this paper that the relative 
norm method of Hoefsmit and Scott can replace the geometric method to establish 
two key multiplication formulas and, thus, to solve the realisation problem for the 
quantum supergroup U(gl m | n ). 

We organise the paper as follows. The basics of symmetric groups, Hecke algebras 
and quantum Schur superalgebras are briefly discussed in §1. In particular, we use the 
Hecke algebra action on the tensor superspace and display the relative norm basis for 
the q-Schur superalgebra. In §2, we develop some algorithms for computing a reduced 
expression of a distinguished double coset representative associated with a matrix and 
computing the corresponding Hecke algebra action on various tensors. With these 
algorithms, we are able to derive in §3 the super version of two key multiplication 
formulas which in the non super or affine case were obtained by analysis on (partial) 
flag varieties. 

Now, like pQ, we are in position to get more multiplication formulas first with re- 
spect to the parameter q = v 2 in §4 and then their normalised version with respect 
to parameter v in §5. Uniform spanning sets for t>-Schur superalgebras S(m\n,r) for 
all r > are constructed in §6. The uniformness allows to define a Q(v)-subspace 
2l(m|n) inside the direct product S(m\n) of S(m\n,r) over all r > 0. We then prove 
that, by deriving explicit multiplication formulas between (candidates of) generators 
and basis elements of 2l(m|n), 2l(m|n) is closed under multiplication by these gener- 
ators. By producing the defining relations for U($jt m | n ) in S(m\n), we find in §7 an 
algebra homomorphism rj from U($jt m | n ) to «S(m|n). Finally, as a further application 
of the multiplication formulas, we establish a super triangular relation in §8. This 
relation gives us a monomial basis which is crucial to prove that 2l(m|n) is the image 
of 7] and rj is injective. 

Like the non super case, this realisation will have many applications such as a 
super version of the quantum Schur-Weyl duality at a root of unity and realisation 
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of the finite dimensional quantum supergroups. We plan to complete these tasks in 
forthcoming papers. 

Throughout the paper, let v be an indeterminate and let q = v 2 . Let Z = 7L\v, v' 1 ] 
and let A = Z[qr, q^ 1 ]- For any integers < t < s, define Gaussian polynomials in A 
by 

~q _ M' 
A Wb-tf 

where [r] ! := [1][2] ■ • • [r] with [i] = 1 + q + ■ ■ ■ + q i l . By introducing [i] = ^E^r, 
we define the symmetric Gaussian polynomials [r] ! and [*] in Z similarly. Clearly, 

The letters m, n denote two arbitrary fixed nonnegative integers (not both zero) 
and, for h G [1, m + n] := {1, 2, . . . , m + n}, define the parity function 

S = {°- (0.0.1) 

II, if m + 1 < h < m + n. 
Let q h = qr* -1 )' 1 and Vh = v^' 1 ^ . 

1. Preliminaries 

Let (W, S) be the symmetric group on r letters where W = & r = &{i t 2,...,r} an d 
S = {sk | 1 < k < r} is the set of basic transpositions Sk = (k,k + 1), and let 
£ : W — > N be the length function with respect to S. 

An iV-tuple A = (A 1; A2, • ■ ■ , Ajv) of non-negative integers is called a composition 
of r into N parts if |A| := J2i = r - Let A(N, r) denote the set of compositions of r 
into TV-parts. 

The parabolic (or standard Young) subgroup W\ of W associated with a composi- 
tion A consists of the permutations of {1, 2, • ■ ■ , r} which leave invariant the following 
sets of integers 

= {AVi + 1, AVi + 2, . . . , AVi + A,} (1 < i < N). 

Here Ao = and Aj = ^=1 so ^ n at A is the partial sum sequence associated with 
A. 

We will also denote by V\ := T>w x the set of all distinguished (or shortest) coset 
representatives of the right cosets of W\ in W. Let V p \ = VpHV^ 1 , where p E A(iV, r). 
Then V pX is the set of distinguished W p -W\ double coset representatives. For d e T> pX , 
the subgroup W p fl W\ = d~ x W p d PI W\ is a parabolic subgroup associated with a 
composition which is denoted by pd fl A. In other words, we define 

w pdnx = w;nw x . (1.0.2) 

The composition pdd A can be easily described in terms of the following matrix. For 
p, A G A(iV,r), d G V pX , let 

A = ( 0iJ ) = j(p, d, A), where a itj = \R? fl (1.0.3) 
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be the N x N matrix associated to the double coset W p dW\. Then 

pdn\ = (u\u 2 ,...,u N ), (1.0.4) 
where = (aij, a 2j -, . . . , clnj) is the jth column of A. In this way, the matrix set 

M(N, r) = {j(p, d, A) | p, A G A(JV, r), d e P p a} 
is the set of all iV x iV matrices over N whose entries sum to r. For A G M(N, r), let 

AT AT TV AT 

ro(A) := • • • >y~l a ^i) = P and co (^) := • • • >y~l = ^- 

j=l j'=l i=l i=l 

We also let roWj(A) and cob, (A) denote the jth row and /jth column of A, respectively. 
For a composition A = (Ai, . . . , X m+n ) G A(m + n, r), we often rewrite 

A = (A(°)|AW) = (AS 0) ,Af,...,AW|AS 1) ,A« ....A?)) 

to indicate the "even" and "odd" parts of A and identify A(m + n, r) with the set 

A(m\n,r) = {A = (A (0) |A (1) ) | A G A(m + n,r)} 

= (J (A(m,n) x A(n,r 2 )) 

ri+r2=r 

and identify the set A(m + n, 1) with the set of standard basis 

{ei, e 2 , • • • , e m+n }. (1.0.5) 

Thus, a parabolic subgroup W x associated with A = (A^jA^) has even part W X {o) 
and odd part W x w ■ 

For d G V p x with p, A G A(m|n, r), the parabolic subgroup W p dn\ decomposes into 
four parabolic subgroups 

W pdnX = W° p ° dnX x W p u dnX x WSnx >< ^i°nA, (1-0-6) 

where W pdnX = W d ^ D H^O) • I n this case, the composition z/ = pd D A has the form 
i/ = (z/ 1 , . . . , z/ m+n ) with i/* G A(m + n, Aj). 

We say that d satisfies the even- odd trivial intersection property if W / °J nA = 1 = 
W pdnX . For p, A G A(m|n, r), let 

v° p x = {de v pX I w d p{0) n w A(1) = l, wfa n w A(0) = l}. (1.0.7) 

This set is the super version of the usual V pX . Let 

M(m\n, r) = {j(p, d,X) \ p, A G A(m|n, r), d G Dp A } and 
M(m|n) = M(m\n, r). 



fl.O.tf 



r>0 



Write a matrix A G M(m|n) in the form f ^f 11 J \ 12 J , where An is m x m, and write 

\^21 ^22 / 

|A| = r if A G M(m|n,r). Then the even-odd trivial intersection property implies 
that the entries in A 12 and A 2 i are either or 1. In fact, M(m\n) is the set of all 



A REALISATION OF THE QUANTUM SUPERALGEBRA U( [, 



m| n) 



(m + n) x (m + n) matrices over N satisfying this property. We also define the parity 
A £ {0, 1} of A by setting 

A = \A 12 \ + \A 2 i\ (mod 2) (1.0.9) 

and denote the transpose of A by A'. Clearly, A = A'. 

For d £ V° pX , if we put W vW = Wfa D W m ,W vW = W d p(1) n W a <d, 1/ = (z/°>|z/«), 
then W v = W v (o) x W v (i). We have, in general, v £ A(m'|n', r) where m' = m{m + n) 
and n' = n(m + n). 

The Hecke algebra H q (r) = T-L q (W) corresponding to W = & r is a free ^4- module 
with basis {T^; u; £ W} and the multiplication is defined by the rules: for s £ S, 



T ws , if £(ws) > i{w), 

T W T S = { , s (1.0.10) 
(q — 1)T W + qT WSJ otherwise. 

Let n v (r) = U q {r) ® A Z. 

Let V(m\n) be a free ^.-module of rank m + n with basis V\,v 2 , ■ • • ,v m+n . Its 
tensor product V{m\n)® r has basis {vi}i & i(rn\ n ,r) where 

I(m\n, r) — {i — (ii, i 2 , ■ ■ ■ ,i r ) | 1 < ij < m + n, Vj} 

and, for i = (it, i 2 , ■ ■ ■ , i r ) £ I(m|n, r), let 

u i = v h <g> ® • • • <g) = v h v i2 ■ ■ ■ v ir . 

The symmetric group W acts on I(m\n,r) by place permutation: for w £ W 7 , i £ 
7(m|n, r) 

i-U7 = (itu(l), iu,(2), • • • , it«(r))- 

Thus, following [16], y(m|n)® r is a right "Hq(r)-module with the following actionj^ 



ViT Sk 



{-iy klh+1 v iSk , ififc<i fc+ i; 

<Fi, if 1 < ijt = ife+i < m; (10 11) 

-Ui, if m + 1 < i k = i k+1 ; 

k (-l) ifcifc+1 ^i, fc + (9 - IK if ik > ik+i 

Note that when n — 0, this action coincides with the action on the usual tensor space 
as given in (H (9.1.1)]. Clearly, we have the following decomposition into % q {r)- 
modules: 

V(m\nf r = v x H q (r). 

AsA(m|n,r) 

Definition 1.1. The algebra 

S q (m\n,r) := End^ (r) (V (m\n)® r ) 



1 Replacing the basis {i>i}i£i( m \n,r) by the basis {v ' l 'wi}ig/( rn |„ ;r ), where \i\ is the number of 
inversions in i, the action of v~ 1 T Sk on the new basis coincides with the action given in [7J (2.6.1)]. 
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is called a q-Schur superalgebra over A with a ^-grading 

S q (m\n,r)i = (J) E.om- Hg{r) (vx'H q (r),v l M q (r)). 

A( 1 )| + |^( 1 )|=i(mod2) 

Let S v (m\n,r) = S q (m\n,r) £g> Z and «Sij(m|n, r) = S q (m\n, r) £5 i? for any commu- 
tative ring R which is an ^.-module. 

Note that S = End^(y (m\n)® r ) is an % 9 (r)-Hq(r)-bimodule and S q (m\n,r) is the 
set of all H (? (r)-fixed points: 

Z £ (H q (r)) = {xeS\hx = xh,Vhe n q (r)}. 

We will use a right-handed function notation for the elements e in S: v i— )■ (u)e for all 
f G V^mln) 8 "*. This notation is convenient for the ?/q(r)-?/ q (r)-bimodule structure 
on£@ 

For i,j G I(m\n,r), we define e^j G EiKL4(V(ra|n)® r ) to be the ^4-linear map 

{Vj, if i' = i, 
(1.1.1) 
0, otherwise. 

For each i G 7(m|n, r), define A G A(m|n, r) to be the weight wt(i) of vi by setting 
Afc = ^{j | ij = A;, 1 < j < r}. For each A G A(m|n, r), define za G J(m + n, r) by 

i A = (1, . . . , 1,2, . 2, . . . , m + w, . . . , m + n ) = (l Al , 2 A2 , . . . , (m + n) Am +"). 

Ai A2 A m -|_ n 

Thus, for every i, there is a unique d G Pa such that i = i\d (A = wt(i)). 

For p, A G A(m|n, r) and d G £>° A , let A = j(p,d,X) be as defined in (11 .0.31) and 
define the relative norm 

N A , = N d Xp = N WtW a nWx (e XtPd ):= ^ q- e ^T w ^e XM T w G S, (1.1.2) 

where eA, p d = £i x ,i p d and A' = ^(A,^" 1 ^) is the transpose of A. Clearly, the grading 
degree of A^/ is A. The first assertion of the following is given in 5.1]. 

Lemma 1.2. TTie se£ {A 7 ^ | p, A G A(m|n, r),d G forms an A-basis of 

homogeneous elements for S q (m\n,r). Moreover, N^Nx = o~x ir o(A)NA' and NxNa> = 
o~\MA) N a>, where N x = A" AA . 

(2) Matrix transposing induces a superalgebra anti- automorphism 

r : S q (m\n,r) — > S q (m\n,r), Na i — > Na>- 

Sign manipulating is an important issue in the super theory. The number of "odd 
inversions" in i\d will be frequently encountered later on. 



2 However, we will turn it to a left action from 56 onwards via the anti-involution r below. 
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Definition 1.3. For A G A(m\n, r),d G T>\, if i\d = ■ ■ ■ ,i r ), define a number 

in N (not in Z 2 ) 

r-l 

(\,d) A = Y, E 

fc=l k<l,ik>il 

When A is clear from the context, we write d = (A, d) A . 

Note that (-1)^-1)^^ = for all d G £> A , s fc G 5 with ds k G £> A - 

2. Some Algorithms 

Recall from (11.0. 3D the map j taking a double coset W p dW\ to a matrix j(p, d, A). 
We now look at the inverse map. Given a matrix A G M(N, r), we want to construct 
d G £> p a, where p = ro(A) and A = co(A) such that A = j(p, d, A). In [6], there is an 
algorithm to compute d as a permutation function. For the proof of the key lemma in 
next section, we develop in this section another algorithm to compute d as a reduced 
product of basic transpositions. Moreover, we will modify this algorithm to compute 
the action of Tj on the tensor vector v p = Vi and on its variations. 

Given a matrix A = (a^j) G M(N,r) with p := ro(A) and A := co(A), d G V p \ is 
the element satisfying 

i p d= (l pl ,2 p2 ,...,N PN )d 

— Q a l>l 2 a2,1 J\f a N,l 1 a l,2 2 a2 ' 2 ]\[ a N,2 ^0,1, N 2 a2 ' N J\f a N,N^j 

We may contruct d by the following algorithm. As before, for a sequence p = 
(pi, . . . , pn), let p, be the associated partial sum sequence with pi = p\ + • • ■ + p^. 
Similarly, let a^j = aij + • • • + a^j and write s^ia,...,^) = s^s^ ■ ■ ■ Si b . 

Algorithm 2.1 (Computing d from A). Let A = (a^) G M(N,r). 
Set p:=io(A), X := co(A) , d=l, col (A) = 0, = 0, A = 0; 
for j from 1 to N—l, do Wj :— 1, p :— p— coL;_i(A) , 6> := 6 , + (A J _i, . . . , Aj_i) ; 
for i from 2 to iV, do 

w ij '■— s 0+(p i _i,pi_i-l,...,ai_i i j+l) s 0+(p i _i+l,pi_i,...,a i _i J -+2) ' " ' s 6»+(pi_i+ai J -l,pi_i+aij-2,...,a i j) i 
Wj := Wj * Wij] 

end do d := d * i^; end do; OUTPUT (d) ; 

Here, the inner loops build the subsequence l ai ' j , 2 a2J , . . . ,N aN ^, while the outer 
loops indicate the construction is done from column 1 to column iV — 1 of A^ The ele- 
ment w^ moves the block % ai ^ to the left of the sequence l' 3l_ ^i=i ai . ! ) 2 P2 ~^i=i a2 >', . . . , 
u _ i)«-i-Ei=i°i-i,!. 

By the Algorithm, we see that u>j is a product of N — 1 permutations u>2j, • • • , wnj 
which move 2 Q2j leftwards by W2j to form l ai <\ 2 a2 ->, etc., and move N aN ^ leftwards 



Once the construction is done for column N — 1, that for column N is automatic. 
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by wnj to form l aiJ , 2 a2j , . . . , iV ajVj . For example, 

™2,1 = s (p 1 ,/5i-l,...,oi, 1 +l) s (pi+l,/5i,...,oi,i+2) " " " s (pi+a 2 ,i-l-Pi+«2,i- 2 .-,a2,i)' 

^3,1 = ,S (p2,P2-l,.--,a2,l + l)' S (P2 + l,/52,.. .,(22,1+2) ■ ■ ■ S (p2+a3, 1 — 1, P2+U3, 1 -2 , •••,03,1)' 
^iV,l = S( / 3 JV _. 1 ,p JV _ 1 -l,...,a ]v _i i i + l) ' ' ' s (p ]v _i+a J v i i-l,pjv_i+a J v,i-2,...,a J v i i)- 

Moreover, we have 

= (pi - ai,i)a 2 ,i + (P2 - 62,1)03,1 H h (pjv-i - 6^-1,1)0^,1 

£(w 2 ) = {pi - ai,i - 01,2)02,2 + (p~2 - 62,1 - a 2j2 )a 3j2 H h (pjv-i - ajv-i,i - a N - 1>2 )a N>2 



£{Wm-i) — dl,N a 2,N-l + (a^N + 0>2,N) a 3,N-l + • ■ ■ + (Ol,iV + a 2,7V + " " 1 + < l JV-l,A r ) fl Af,A'-l- 

Hence, we obtain from the algorithm 

d = W1W2 ■ ■ ■ wn-i and £(d) = a>i,j&k,i- 

i<k,j>l 

We now use the Hecke algebra action on V(m\n)® r defined in (11.0. lip to compute 
v p ■ Td by modifying Algorithm 12.11 

For A, p G A(m\n, r), d G £>° A , set A = (ojj) G M(m|n, r) to be the matrix j(p, d, A) 
associated to the double coset W p dW\ and let v = pd D A. 

Since only the ife < i^+i case occurs when computing w p • T d , by applying the first 
formula in (11.0. lip repeatedly, the algorithm above continues to hold with the sign 
recorded. Hence, we have v p ■ Td = (— l) d i>i„ = (— l) d v A , where 

A 11,1 a 2.1 OJV.I a l,2 Q2,2 a-N ,2 a l,JV a 2,iV a N,N /»r . \ 

u = Vl u 2 ••-t> 7V ' v x t> 2 ■■■v N ' ■■■v 1 ' v 2 • ■■■v N ' (N = m + n). 
More precisely, putting di = Wi + \ ■ ■ ■ wn-i, 

„. rp I 1 \WX 01,1 02,1 ttJV.l Pl-Ol.l P2-02.1 PAr-QjV.l T 

CpJrf — ^ 1J (7 2 U N u l u 2 U N 1 di 

_( i\imU2 ,, ajv . 1 ,, ai . 2 „, a iV,2 pi-ai,2 P2-a 2 ,2 PN~5.N,2 rp 

— y I) Uy U N u l ' ' ' U N u l u 2 ' ' ' U N ' 1 d 2 



I -i\d iii «2,i ojv.i ai,2 a2,2 ajv 2 a i,JV «2,jv ojv.jv 

= (-1) u x v 2 • • ■ v N v x v 2 ■■■v N ' ■■■V 1 ' V 2 ■ ■ ■ V N ' , 

where d it j = a^i + • • • + a^j. In other words, to compute v p ■ T d , we use the following 
algorithm: 

Algorithm 2.2 (Computing v^v^ 2 ■ ■ •iC+rT • T d ). Let A = (ajj) be the matrix asso- 
ciated with (p, d, A), 
for j from 1 to m + n, do 

for i from 2 to m + n, move the factor v®*' 3 to the left of the block 

""'^i-i *o form v l ■■■v i _ 1 v i end move; end do; 
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Lemma 2.3. In the algorithm of computing v p ■ Td, moving v^ 1 ' 3 for i > 1 to the left 
of the block v Pl ^ !=1 ai ' 1 ■ • ■ v^_~l ^ l=ia% ~ 1 ' 1 contributes the sign 

f _ i \ E I =\ a i , 3 (Pk - E I = i a k ,i 

Hence, v p ■ Td = (—l) d v p and 

m+n—l m+n i— 1 j 
j=l j=2 fc=l i=l 

For l<k<m + n— 1 and < £ < ah+i,k — 1, let 



a h+l,l a h+l,fe-l a h + l,fc + l a h + l,m + n 

— ( 

a*) _ „.* 



" ' ' u h+l u h+l,k u h+l ' ' ' u h+l 



(2.3.1) 



where 6^{ life = ui f i^/i+i° M " 1 ' fc_ * _1 and a^- = a i; i H h Ojj. Applying Algorithm 

12.21 to the element 

? , f tt M \ _ Pi . . . v PhJ*,t Ph + 2 P m + n 

V P\Ph+l) — U l U h V h+l U h+2 U m+n 

yields the following. 

Lemma 2.4. Maintain the notation above and assume a^+i^ > 1. We have 

{(-l)V^ >fea ^(>i+i,fc), h<m; 
(_l)S"(_l)E,> ra+1 , J -< fc « i J 9 E J > fc «m JT; A( 6 ^ fc ) ) = m . 
(-lMO> ' h > m, 

where v A (b^ +lk ) is the element obtained from v A by replacing the factor v^^ ,k by 
b hii,k forO<t< a h+hk - 1. 

Proof. We first observe that the sign contribution occurs only when moving v^ 1 ' 3 to 

the left of i=1 ' ' l , where m < i' < i. We now have three cases to consider. 

If h < rn, then it is clear that the sign is the same as the sign (— l) d when 
computing v p ■ Td- In this case, moving the factor b^ +1 k to the left of the block 
v pi E i= i _ _ _ ^Ph E;=i a h,i re q U j res applying the second formula in (11. 0. lip Ylj>k Ohj = 
Ph — Yli=i a h,i times. This gives the power q^i>k ah >i . 

If h — m, then one factor of v°^i' k is replaced by v m . Thus, for i > m + 1 and 
j < k - 1, moving v^ 3 to the left of u^ 1 '*- 1- ^ 1 '^ v ro u^ f 1 1 " S,n+1 '*- 1 ~ t ~ 1 loses the 
sign contribution (— l) aiJ . The power of q is produced similarly by taking h = m in 
the argument above. 

Finally, assume h > m. In this case, moving v^' 3 (i > h + 1 and j < k) to the 
left of v^ l h ^' k ~ 1 ah+1 ' 3+t VhV l ^ h ^ a h+i,k-i t contributes the same sign as in computing 

/.\ k k 

v p ■ Td, while moving b h+1 k to the left of the block 

v pi-z.i=^i,i . . .^-^i-w requires 

applying the third formula in (11.0. lip p h — Yli=i a h,i = J2j>k a h,j times, resulting 
again in the same sign. □ 
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3. Super version of two key multiplication formulas 

The realisation of quantum gl n requires several important multiplication formulas 
between certain standard basis elements and between certain elements of a spanning 
set — the BLM spanning set — for the t>-Schur algebra. These formulas were built 
on two key formulas, see [U Lem 3.2], whose proof used the geometry of (partial) 
flag varietiesfl In this seclton, we will use an algebraic method to derive the two 
corresponding formulas in the super case. The algorithm discussed in §2 is helpful to 
the success of the method. 

Let p, A £ A(m\n, r), d £ T>° x , and A = j(p, d, A). Fix 1 < h < m + n, and let 

P = (Pi, P2, ■ ■ ■ ,Ph+l, Ph+l -I,-'": Pm+n) = P + e h ~ e h+1 . 

It is easy to show V pfl = {1}. Set B = j(p, l,p) to be the matrix associated to the 
double coset W P 1W P . 

Notice also that, if W u = W p fl W\, then u = [y x ,v 2 ,--- ,u m+n ) where v l = 
cob (A) = (ai,i, a 2 ,i, • • • , a m+n ,i) £ A(m\n, A»). If we set W p > = W M n W p , then p' = 
(pi, • • • ,p h , l,Ph+i ~ l,Ph+2, ■ ■ ■ ,Pm+n)- Observing the compositions p and p', we 
have 

T>pi D W p = {1, s pi+ ... +Ph+ i, s pi+ ... +Ph+1 s pl+ ... +Ph+ 2, • ■ ■ , s fn+ ... +Ph+ i ■ ■ ■ s pl+ ... +Ph+1 ^i}. 
For A = (oij) £ M(m\n, r) and h,k £ [1, m + n] with h < m + n, define 

(f - •' "' if h < m; 

.]_)Ei> m j<fc a ;.j q-Y, j<k a ™+i,3 qY.j >k a ™,j ; if h = m; (3.0.1) 




i)Ej<fcOh+i,j if /i > m, 



qEjxfc afc+ij ^ if h < m; 

(_l)E i>m , J<& ^ ) if/i = m; (3.0.2) 

(g- 1 )Ei> fe a/>,f j if h> m. 



Here is the key lemma of the paper. 



Lemma 3.1. Maintain the notation above. For A = (aij) £ M(m\n,r) and h £ 
[l,m+n), letD = diag(ro(A)) ; B = D + E hM1 -E h+1M1 and C = D-E hth +E h+1>h . 
Then, in the q-Schur superalgebra S q (m\n,r) over A, the following multiplication 
formulas hold (and are homogeneous): 

(1) N A ,N B , = Yl A ' ^)K* + lh h N( A+ E h , k -E h+ltk y, 

ke[l,m+n],a h+lik >l 

(2) JVa^c = g k (q;A,h+l)la h+1 , k + l] gfc+1 iV (A _^ jfe+iW y. 

fce[l,m+n])Oh,fc>l 

where N {A±Eh kTEh+lj! y = whenever A ± =f ^ + i,fe £ M(m|n, r). 



4 The affine analogue of the two key formulas has also been discovered by Lusztig (see (151 
Lem. 3.5]) and the proof is also geometric in nature. 
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Proof. We first prove (1). Since N A , = N d Xp ,N B , = N 1 ^ and N {A+Ehk _ Eh+lk y = 
for some d! G D° A , it suffices to prove that the actions of both sides on v x is the same. 
By (ELD, 

( v x) N \ P N w = ((v\)N w , W d nWx (e x , P d))N WjWpnW ^e PjlM ) 

= (K) E q- i(x) T x -ie x , pd T x ) q- l{w) T w -,e p ,,T w . 

Write x = x xi with x { G W xW . By fll.O.llD . v x • T x = x l{ - Xo \-\Y^v x . Thus, 

E (-^^^^(V^-Oe^, by (fTXTTT). 

Now, {v p d-T x T w ~i)e PiPi ^ if and only if w = w'rfx for some u/ G V p iC\W p . Write w' = 
w' w[ with w' { G W pW . Then, in this case, q~ e{w) (v pd ■ T x T w -i)e P)P = q- e W(-l)*(y p ■ 
TdxT \dx)-^T w ,-i)e p ^ = (-l) d q-^ w '\v p T w ,-i)e P)lJL . Hence, 

= E (-ijWW-*-^^* (3 . L1) 

xdT> v C\W\ 

w'ev p ,nw p 

= (-if E (-q-'Y^^.TdjTx, 

where T := E^g^nw^-?" 1 )^ V T ^' andcf = (p,cf) A = Ei> fc > m j<z Th us, 
by observing 

Dp, n W p ( ) , if h < m; 



v pl n W p 



T>„>nW (i), if h>m. 



T 



P ^i i 

we see that 

Eu/ep^/^^'. if/i<m; 

Since V p/ C\W p = {1, s^+i, ■ • • , s^+i • ■ ■ sp h+Ph+1 -i}, it follows from fll.O.lip 

that, 

{<■■■ < (ES 1 ^W^X^ ■ ■ • v m+n , if * < m; 

t = < • • ■ <1ES 1 (-?- 1 ) ! -M; 1 i< + i 1_, )C • ■ ■ if ^ = ™; 



Let 



ESS 1 **" 1 ^(Ci,*). if/ ^>^ 
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cf. Lemma [2.41 

If h < m, then ^tT vfcWffi 1 "' = Zke[i,m + n] E^J 1 '*" 1 and so 

a/i+i,fc>l 

a h+l,fc — 1 

T • T, — v; pl • • • 7; Ph O fc '* 7; Ph+2 • • • 7 , Pm +™ . T, 

1 J d — 2_^i 2-^1 1 ft D /i+l <; /i+2 U m+n J d) 

fee[l,m+n] t=0 



■if 9 Ei> *° WuA ( 6 w-i,fc)» byLemmaEai 



fc£[l,m+n] 

Ofc+l fe>l 



If /i > m and * := Ei>m+ij<fc a *,i> then 

a h+l,k — 1 

T-T d = ]T £ tf...^((-l)S _1 )^ l4< t'!{iC'''C-3i 

fce[l,m+n] *=0 

-l) ? Efce[i,»^](-l)*(-9- 1 )^<* ,WM g E ^* ara ^ A (6^ +1|fc ), ^ h = m 

-l)"E,e[ 1 ^ + n],a, +1 , fe > 1 (^ 1 )^ <fc °' 1+1 ^ A (^ + ^) ) if * > ™- 

Thus, with the notation given in (13.0. ip . the RHS of (I3.1.ip becomes 

£ fk(q;A,h) {-q- l f {xi) v A { b- h+ltk ) ■ T x = fk(q;A,h)V(k;A,h), 

fc€[l,m+n] x£V v nWx ke[l,m+n] 

where 

V = V(k;A,h):= i~<l- l Y {Xl) v A {b' h+ i, k )-T x . 

xeT>„nw x 

By comparing this with the formulas in the theorem, it remains to prove that, for 
all k G [1, m + n] with ah+x tk > 1> 

T , = f K,* + ilq^^^+B^fe-^+i^)', if A + E hjk - E h+1:k e M{m\n,r), 
1 0, otherwise. 

(3.1.3) 

We now compute the left hand side of (I3.1.3p . Recall the composition v = v(A) 
defined by the columns of A. Take a note of the right hand side of (I3.1.3P : for 

a h+l,k > 1? 



xev a nw x 



where 

a = a(h, k) = u(A + E h>k - E h+1>k ) = (a 1 , a 2 ,..., a m+n ). 

Clearly, a is obtained from v by replacing u k = (an., a 2k , • • • , a, b, ■ ■ ■ , a m + n ,k), where 
a = a htk , b = a h+ i tk , by 

c = (aifc, «2fc, • • • , a + 1, b — 1, • • • , a m+ri) fc). 
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We also define r = r(h, k) to be the composition obtained from v by replacing v k by 

rh = (ai.Jt) a 2,k, ■ ■ ■ , a, 1, 6 — 1, • ■ • , a m+ni fc)- 

Note that the relationship between u h ,a k , and r fc are similar to the relationship 
between p, p, and p' . Note also that W u nW a = W T and so W T < W a and W T <W U . 
In particular, we have 

(1) 6 = 1 Vy r = W„; 

(2) a = W T = W ff ; (3.1.4) 

(3) a = l =► Wo- = W T U W T 5a, 

where 

a = l^ 1 ] H h + ai,fe H h dh-i,k + a^fe = a! + a (a' = a h -x ik ). 

Since a h ' = v k> = r k ' for all k! ^ k, it follows that, for each t E {v, cr, r}, there is a 
commuting set decomposition 

P,nf A = p(x> t * n W Xk )V, (3.1.5) 

where = ^0^- Z^-i n W Xk _ x and X>' = V„ k+ i n W Afc+1 • ■ ■ n W w . 

Moreover, 

v Tk n w Afc = (p rfe n w v u) x (p^ n w Afc ) = (P rfe n w,*) x (XV- n w Xk ), (3.1.6) 

where 

"D T fc n W u k = {1, sa+i, Sa +1 Sa +2l ■■ , s a +i • ■ ■ and 

X> r fc n W a k ={1,S & , SaSa-X, ' ' • , «a ■ • • S a /+i}. 

We now complete our computation in two cases. 

Case 1. <2h,+i,fc > 1 and k = 0. In this case, V v k n W Afe C W A (o). So i = x for 
all x G n (or xi = 1). 

If h < m, by the decomposition (13.1.51) for i = u, we have 

t'= E (-t 1 )^ E AwiK 1,fc_1 + ■ ■ ■ + Cr - V) ■ T «< 
= E Hr 1 )^ E A^k^"^"^^" 1 ^)-^ 

dev,d'ev x&v vk c\W Xk 
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However, 

E « A («^Si 1,fc " 1 + • • • + *r ,fe " V) • r. 

sex>„ fc nw Aft 

(/ • • «l ■ ■ • U fc _l [V h V h+1 )V h+2 ■ ■ ■ V m+n ■■■)■ lyly, 

yev rk nw vk 

- 2^ l" ' t; l " ' V h V h+l V h+2 ■ ■ ■ V m+n ■■■)■ J-zz' [0. — a h , k ) 

z&V Tk nw ak 
z'ev ak nw xk 

~ l a + H 2^ V" V l '" V h V h+l V h+2 ■ ■ ■ V m+n ■■■)■ J-z' 

(Here, and in the sequel, only the part associated with column k is displayed. Other 
parts unchanged from v A are omitted.) By (I3.1.6p . substituting gives 

T' = [a hk + 1] £ {-q- l Y^v a ■ T z , = [a hk + lj(v x )N {A+Ehk _ Eh+l k y. 

z'&VaC\W X 

Assume now h > m, then b = a^+i^ — 1 an d so W v = W r as seen in (I3.1.4p (l) and 

E a m + l.m / — 1 \ -i — 1 2—1 a m+l,fc — 1 

i=l \Q ) V m+l V mVm+l ~ V m- 

If h = m, by a similar argument as above, we have 

G"f72 + l,m 



T'= £ (-g-^Vt E (-<r- 1 ) < - 1 «Si«m«Si 1, *" < ) • T. 

xe_v v nw x i=i 

= E (-9- 1 )^H"-«r fc "-** + ^ lfc "-t;^.")-r t 



= [a m , fe + l] E 

If /i > m, then a = a hjk = 0, 1. For a = 0, by (j3.1.4j) . W u = W a = W T and so 

T'= E (-9 _1 ) /(<Bl) (- ■ • < k ■ ■ ■ VhvT+T ■ ■ ■ ^m+n k ■■■)-T x 

x€V„nw x 

= K* + i] E (-v 1 )^* ■ t x . 

xev a nWx 

For a = 1, W v = W T , V T n W a = {1, s a } and A + E Kk - E h+hk £ M{m\n, r). But 

r= E (-9"Y ( ^---«i^---^^ fc ---«Sir fc ---)-r, 

= E hty (4) E (•••< fc ---«r2 2 ' fe ---^rn' fc ---)-^ = o. 

Case 2. a^ +l!fc > 1 and fc = 1. In this case, V u k fl W X (i). So x = Xi for 
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If h < m then b = dh+i,k = 1 and a = a^k £ {0, 1}. Repeatedly applying ( 13. 1.4ft 
yields 

r= e (-o^(---< ife ---< + x+ + 2 2 ' & -- -err- -)-t x 

0, if a = 1; 

Y«&.nwS-*~ x y {n)v °' T *> ifa=o - 

Assume now h = m. Then a = ah,k £ {0, 1} (but a/i+i,fc > 1)- By the first formula 

of flnnu, 

1 — ^ \ H J \ u l u h U h+1 U h+2 U m+n ) L x- 

xev T nw x 

By (13.1.61) and (I3.1.4P (3). a similar argument shows that 

T , = |0, if a = 1; 

lE^n^^- 1 )^-^, ifa = 0. 

Finally, assume h > m. Then, by the decomposition ( 13.1. 51) . 

-Y-/ \ / „—l\£(wi)t a l.k a h,k / a h+l.k~- 1 . „— 1 a h+l,k~ 2 

T = 2^ ( - 9 ) [' " ' v i ' ' v h K^+i ' + 9 v h+1 v h v h+1 

= E c-*- 1 )^ E N- 1 ^ ) [---^---^KC fc " 1 + 



- ViwiE 1,fc ~ a + ■■■ + (q- 1 ) a '— 1 ^Ti 1 ' fc " 1 ^)C + 2 2 ' fe • ■ ■ C ■ • • ]r„zw. 



By (I3.1.6P and repeatedly applying the third formula in (11.0. lip , the inner summation 
becomes 



E {-q^y {yx \- ■ ■ v^ k ■ ■ ■ C' fc+1 ^r\ a +r • ■ ■ ■ • • )^ 

yev rk nw vk 
xev k nwx. 



I y J I <T y /i U h+2 U m+n ) 1 zz' 



zex> rfc nW CTfe 



a-h.k 



z'ex^rw^ i=o 



Hence, substituting gives 



T' = [a M + i],-i E (-g _1 )" K) ^-^. 



So we have proved all cases for the first formula. 
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To prove the second formula, we simply reverse the roles of h and h + 1. Note that 
p = (pi, . . . , p h _ u p h - l,p h+1 + 1, p h+2 , ■■■), 

p = (pi, . . . , p h _t, p h -l,l, p h+1 , p h+2 , ...), 

and so 



XV n w p 



, p , , , r , pW , if h < m; 



V p , n W p (i) , if h > m. 
Thus, T ■ Td can be computed similarly. By noting 

V k = (ai,fc, d2,k, ■ ■ ■ , O, «h+2,fc, • • •)) 

<r fc = (a l fc , a 2j fe, . . . , a — 1, b + 1, 0^+2,*: > • • •)> 

rfc — a 2,fc, • • • , a — 1, 1, 6, dh+2,k, ■ ■ ■), 

where a = and 6 = a^+i^, the element T' is also computed similarly. We leave 
the details to the reader. □ 



Remark 3.2. As seen in Lemma [3.1 [ we will make the convention Na> = for any 
matrix A G M rn+n (Z) but A £ M{m\n,r). 

4. Some multiplication formulas in S q (m\n, r) 

We now use the key formulas given in Lemma 13.11 to derive more multiplication 
formulas which will be used to establish the realisation of the supergroup U(gl m i re ). 
For A = (Ai, • • • , A m+n ) G A(m\n, r) and fixed 1 < h < m + n, let 

B p = B p (h, A) = diag(A + pe h - (p + l)e h+1 ) + E Kh+u resp., 

C p = C p (h, A) = diag(A - (p + l)e h + pe h+1 ) + E h+1A , 

for all < p < \h+i, resp., < p < A^, and let 

Up = U p (h, A) = diag(A - pe h+1 ) + pE h>h+1 , resp., (4 1) 

L p = L p (h, A) = diag(A - pe h ) + pE h+hh , 

for all < p < Xh+i, resp., < p < A^. Clearly, co(U p ) = co(L p ) = A, ro(U p ) = 
co(Bp) and ro(L p ) = co(C p ). We need the following relations for a proof by induction. 

Lemma 4.1. Maintain the notation above and assume 1 < h < m + n . We have 

(1) Nu,N B , =\p+ n qh N K+1 for all p > 1; 

(2) N Up N c , = {p+ l] qh N L , p+i for allp>\. 

(Note that, for h = m, the RHS in both cases is and, for p > Xh+i, resp., p > Xh, 
we also have RHS= in (1), resp., in (2).) 

Proof. Take A to be U p in Lemma [3TTT 1) . If ah+i t k > 1; then k = h + 1 and ah^+i = P- 
Thus, f(q;A,h) = 1 for h ^ m and, hence, N u!p N B i p = \p + lj Qh N Up+i . If h — m, 
then Up+i ^ M(m\n,r) and, hence, Njj p+i = 0. The second formula can be proved 
similarly. □ 
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For A £ M(m\n, r), set rawh(A) = (a^i, a^, • • • , a^ m+n ) to be the h-th. row of A. 
Then row h ,(A) £ N m+n . For u, v' £ N m+n , set 

v <v' -<=>- z/j < i/- for all j £ [1, m + n]. 

Like the polynomials defined in (I3.0.ip and (I3.0.2p . we define, for A = (ajj) £ 
M(m\n, r), h £ [1, m + n), and z/ £ N m+n with = p > 2, 

0, if/i = m; (4.1.1) 

qEi<tH'*(q f -i)E J -<t«fc+ij^ j [f h > m, 

and 

{qE i < t OHi,^t ) if/i<m; 

0, if/i = m; (4.1.2) 

gE J <t"i^(g- 1 )Ei>i«W* j if/l>m. 

Note that, if = 1, we may extend the definition by setting f v (q\ A, h) = fk(q] A, h) 
and g u (q; A, h + 1) = # fe (<?; A, /i+ 1) as in f[3lTTj) and fl3X2|) . if ^ fc = 1. 

Now the multiplication formulas in Lemma 13.11 can be generalised from U± — B 
and L\ — C to {7 P and L p , respectively. 



Theorem 4.2. Lei A = (a^j) £ M(m\n, r). Assume 1 < h < m + n. Define 
Up = U p (h,To(A)), L p = L p (h,To(A)) £ M(m\n,r) as in (14.0.11) . The following 
multiplication formulas hold in the q-Schur superalgebra S q (m\n,r) over A: 



m+n rr 



1) N A ,N V ,= fu(q;A,h)] 



v£h{m\n,p) 
v<row h+1 (A) 



fc=l 



0>h,k + v k 



(A+T,i"i(E h ,i-E h+1 . l )y; 



Qh 



m+n 



(2) N A ,N L , p = 9u(q;A,h + l)] 



udK(m\n,p) 
f<row^(A) 



k=l 



0>h+l,k + Vk 
Vk 



N, 



M Qh+i 



Here, as before, Nx = for a matrix X g" M(m\n,r). 



Proof. We only prove (1). The proof of (2) is similar. 

By the definition of the coefficients f v {q\ A, h), (1) is true for p — 1. Assume now 
p > 1 and h — m, then f u (q; A,h) = for all v and U p ^ M(m\n, r). So Njj = 
by the convention in Remark 13.21 Hence, Na'Nu^ = 0, proving the formula in this 

case. We now assume h ^ m and let e k = (0, . . . , 0, 1 , . . .); see (jl.0.5p . The proof 

(k) 

is parallel to that in [1] by applying induction on p. 
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By Corollary EEJ N v ^N Blp = [p + l] qh Nu' r We assume U p+1 G M(m|ra,r) (so 

p + 1 < xri n aft+i,^)- Tnen 
i 



Na'Ntji = 7 — -^—NaiNwN, 

p+1 b + ik 



p p 



b + i] 



m+n [r 

E /•>(«; 4*) II 

<3 '' 1 t/eA(m+n,p) 
i/<row h+ i(yl) 



fe=l 



N A '+j2 lVl (E hil -E h+hl y )N Bp . 



9h 



h+l,s) 



(4.2.1) 
(4.2.2) 



Putting A v = A + J2i u i{Eh,i — E h+1 j), we have, by Lemma 1X17 1). 
N K N B , p = f'iv A »> h ^ ah ' s + v ' + l \q h N {A„+E h , 3 -E, 

sg[l,m+rc] 
Ofc.+i, s -y s >l 

For fixed r\ G A(m + n,p + 1), if A + J2iVi(.Eh,i — E h+1 j) G M(m|n,r), then 
?7 < row/ i+ i(A). By inserting (14.2.21) into (14.2. ip . we see that the coefficient f^q; A, h) 
of N A f n = N iA+ j2 lVl (E hJ -E h+u )y is a sum over pairs (s,u) with r] = v + e s . Hence, 
A, h) is equal to 

m+n 



1 



b + iJ 



sG [l,m+n] 



fc=l 



/ s (g; A„_ es ,/i)[a M + 77,] 



- 11 9 h 



Oft.fe + (V - e s)k 
(77 - e s ) fe 

fj— e s gA(m+n,p) 

If /i < m, then q ft = q, f s (q;A v _ es ,h) = g£ 3 >.«*J+fo- e ')i, and /„_ e .(g; A, h) 
q E j >t«w('re,)i i Since 



9/, ■ 



m+n n- 



n 

fc=i 



+ - e s ) fe 
(»7 - e s ) fe 



m+n n- 



i,s + ^1 = n 

fc=i IL % 



a>h.k + % 



E a^-fa - e s)t + E( a ^' + ~ = E a ^ ~ E a ^ + E + E ^ 

j>s 

= E a ^ + E^' 



j>s j>s 



3>t 



j>s 



and 



b + i]= E <z E ^kl, 



sG[l,m+n] 
n—e s gA(m+n,p) 



it follows that 



m+n 



k=l 



E ^ >s% ki 



s€[l,m+n] 
t)-e s £A(m+Ti,{)) 



m+n n- 



fe=i 11 '* 

as desired in this case. 



dh,k + % 



m+n rr 



Uq;A,h) ] 



k=l 



a>h,k + Vk 
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m| n) 
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If h > m, then q h = q 1 . We first observe that q? p ( p ^ = — and hp(p — 1) — 



J2k=i \ v k{v k - 1) = Y.i<t v i v t- lt follows that 

rr ti i m+n 



m+n 



In this case, f s (q; A v _ es1 h) = (^^K^w.rfi-^)^ Thus 



k=l 



ip +1 l q -l se[1 , m +n], 



m+n 

n 



+ fa - e s )fc] q -l 



n—e s £A(m+n,p) 



Since 



m+n 



jfi [(«?-e,)d'M r i 



and since 



j'<* 



a h+i,j(v - e 8 ) t + ^2(a h+1)j - (77 - e 8 )j) 

t j<s 

^2 a h+ ijr) t - ^ a h+hj + Yl ah+1 >i ~ 

j<t j<s 

J2 a h+i,jVt -^2vj7 



j<s 



j<s 



3<t 



it follows that 



b + i] 1 



- 1 \J2 j< t a h+i,jVt 



E,< s % 



s€[l,m+n], 
t)-e s eA(m+n,p) 



■. )r .-.^.,.J^ t°M + <- 



m+n n- 



ah,k + ?7fc 



as desired. 



f v (*A,h)n 

k=i 1L % 



5. Normalised multiplication formulas in <S,,(m|n, r) 



□ 



The multiplication formulas discovered in the last section are derived through a 
T-basis action on the tensor superspace. It is somewhat symmetric relative to v 2 
and —1, the eigenvalues of T s . For example, the h = m case in (13.0. If) and (13.0.21) 
reflects such symmetry. In order to obtain a realisation for quantum super Ql m i n , we 
need to recover a symmetry relative to v and — f" 1 , the eigenvalues of the normalised 
generators i; _1 T s . Thus, we need to normalise the basis {Na>}a and twist the right 
action to a left action via the ant i- involution r given in Lemma [1.2( 2). 
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For A = (dij) G M(m\n,r), define 

d(A)= aija^i + J^i- 1 ) 1 ^,^ U = q~ d{A) r{N A 

i>k,j<l j<l 



(5.0.3) 



Remark 5.1. Actually, if A is corresponding to the triple (A|/i, d, £,\rj) where A|/i, £\r} G 
A(m\n, r) and d G T>\^ , using the notation in P §6], d(A) = £{d*) - £(*d) + £(d) - 
£(w ^) + £(w 0tV ). 

Recall q = v 2 and Vh = v^~^ . The multiplication formulas in Theorem 14.21 turn 
out to be quite symmetric if we use the normalised basis {£a\ AeM{m\n,r) f° r S v (m\n, r). 
We first look at the even generator case. 

Proposition 5.2 (The h ^ m case). Let A = (a i: j) G M(m\n,r). Assume 1 < 
h < m + n and h ^ m. Define U p = U p (h, ro(A)), L p = L p (h,ro(A)) G M(m\n,r) 
as in (14.0. ip . The following multiplication formulas hold in the v-Schur superalgebra 
S v (m\n, r) over Z. 



(-U SUpSA - 2^ u&A{m\n,p) V h [[ k=1 



A A +T,iME h ,i-E h+ltl ), 



where 



v<row h+1 (A) 

f h (u, A) = a Ki v t ~ ^2 ah +^o v t + ^ v t v v . (5.2.1) 



3>t 



t<t' 



( 2 ) £l p £a = X^eA(m|n,p) U.T=1 
vCroWh (A) 



f'h( u ' A ) y-[m+n §a h+1>k +v k 
v k 



> 2 

J h+1 



where 



j<t j<t t<t> 



(5.2.2) 



Note that = Vh+i if h ^ m. Note also that, in this h ^ m case, these formulas 
are the super version of the formulas (a2) and (b2) in [TJ Lem. 3.4]. Formerly, they 
can be obtained by replacing v there by vy t . 

Proof. We just give the proof of (1). The proof of (2) is similar. 

For v G A(m\n,p) with v < row/ 1+1 (v4), set X = A + J2i v i{Eh,i — Eh+i,i)- Since 



N 
s 



it follows that 



n 

k=l u - 



V 



Q>h,k + Vk 



2s(N-s) 



N 



for all N> s> 0, 



m+n 



Q*h,k + v k 



k=\ 

By a comparison with Theorem 14.2( 1). the proof of (1) is equivalent to the identity. 
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Let 

J = k,l) | 1 < i, j, k,l < m + n,i > k, j < /}, 

I = {(i,j,k,l) e J \ i,k &{h,h + l}}, 

J' = | 1 < i,j, I < m + n, j < /}, and 

I' = {(i,j,i,l)e J' \i?{h,h + l}}. 

By definition, j for all i, j with i (jL {h, h+ 1}. Hence, 

d(X) = ^ ai,jak,i + E XjjX k) i + ^(-l)*^-^ + ^(-l)*^-^, 

/ J\I V J'\I> 

where 

J\I 

= E ( ah >i + v i) a *,i + E ( a ^+i,i ~ u j) a k,i+ 

i=h>k,j<l i=h+l,h>k,j<l 

+ E (ah+ij - Vj)(a hj l + Vi) + 
i=h+l,k=h,j<l 

+ E a hA a h,l + ^) + E a i,A a h+l,l ~ Vl) 

i>h+l,k=h,j<l i>h+l=k,j<l 

= E a i,j a k,i + E a fe) ^j - E a k)l Vj - E a Ki v i + E <Xh + 1 ^ 1 ' 1 

J\I h>k,j<l h>k,j<l j<l j<l 

-E^+ E E a ^ ui 

j<l i>h+l,j<l i>h+l,j<l 

= E ai d a k,i - E ah ' lU 3 + E ah + 1 d Ul ~ E v i Vh 
J\I j<l j<l j<l 



and 



j'\r 

= ^2{- l ) h {ahj + Vj)(ah,i + n) + - "j)( a M-i,J ~ vi) 

J'\I' S'<* 3<l ' 3<l 

- J2(-i) m a h+ i,^ + J2((-if h + (-if^)m- 

3<l 3<l 
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Thus, since d(U p ) = (-lfpYtff = (-ifei^^W b ^ [t fol " 

lows that 

d(X) =d(A) - ^2 a ^ u i + Y a A+ij^ - ^ + ( ~ Y ^'"i ) 

j<; j<i ^ j ' 

j<« j<i j<Z 

In other words, 

d(X) - d(A) - d(U p ) 

= -Y ah >w + Y a h+h^i - Y ah 'M - Y^~ l ^ h+lah+i ^ i+ 

j<l 3<l 3 3<l 

~ £(-1)^+1,^ + + (-1)^ - 1)^ 

' " Ej<i <W - J2j<i ah+i,iVj + J2j<i v i v h if h<m; 



- E,<« a w v 3 + 2 E,<; + E 7 - a h,j 



+ J2j<i a h+i,iVj ~ 3 Ej<i v j v h if h> m; 

k — Z)j>fc a m,i + 2 E/<fc a m+ij + Ej>fe a m+ij — a m ,fc, if h — m, v — e k . 

(5.2.4) 

Thus, for h < m, the exponent of the LHS of (15.2.31) becomes 

m+n 

d(X) - d(A) - d(U p ) + £ 2a hj -n + 2 £ 

j>j fc=i 

m+n 

- - ^ a fc)l i/j - E a/H.i.ji/j + E i/j-i/j + E 2afcji/i + 2 ^ a^i/*. 

j<i j<i j<Z j>l k=l 

m+n 

= a h,j"i + Y ah 'i v i ~ Y a h+U v 3 + Y v i Vl 

3>l k=l j<l j<l 

= Y ah ^ vi ~ Y ah + i > iv 3 + Y v i vi = f h (y> 
j>i j<i j<i 

while, for h > m, it has the form 

m+n 

- d(A) - d(U p ) + %Y v i Vl ~ 2 Y ah + l ,3 Ut ~ 2 Y a ^ kVk 

j<l j<t k=l 

= ~Y ah > lU i + 2 Y ah + l >3 Vl + Y ah <i u i + Y ah + 1 ^3 ~ 3 Y v i Vl 

j<l j<l j 3<l 3<l 

m+n 

- 2 E a h+ljj u t - 2 a h>k u k + 2 ^ ^ 

i<< fe=l j<Z 

= - E afc.ji/j + E a/j+i.j^j - v 3 v i = ~fh(v, A), 

j<l 3<l 3<l 
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as desired. □ 
Let 



/m( e fc, A) — ^ ^ a m,j + ^ a m+l 



J ■ 



f m {e k , A) = Y am+ij + Y am >r 

j<k j<k 

We now look at the odd generator case. 



(5.2.5) 



Proposition 5.3 (The h = m case). Let A = (ajj) G M(m\n, r). Assume h = m. 
DefineUi = Ux{h, ro(A)), L\ = Li(h,xo{A)) £ M(m|n,r) asm fl4.0.ip . The following 
multiplication formulas hold in the v-Schur superalgebra S v (m\n,r) over Z: 

(1) ivju = Y (-i) E --< fca -^ (efc ' A) [a m , fc + i]„ 2 a^-iwi.*; 

r * 771 

fcS[l,m+n] 
a m+i.fe — 1 

(2) £ Li a = £ (-1)^%^)^ + i] w2 £ A _^ fc+BWl , fc . 

f * m+1 ' 

fc£[l,m+n] 

Proof. We only prove (1); the proof of (2) is similar. By Lemma 13.11 and noting 
U\ = B, we have 

N A 'N U{ = Y (-i)^™'^^"^^^^ 

feS[l,m+n] 
a h+l, fc>l 



Recalling q = v 2 and [a m> fe + 1] = v 2am - k \a m ^ + 1], assertion (1) is equivalent to 

v d(X)-d(A)-d(U 1 ) v -2 T, ]<k a m+i,i v ^J2j>k a m,j v 2a m,k _ v T, 3 >k a m J +E J>fc «m+i,j _ 

By (E23D, 

d(Jf) - d(A) - d(Ui) ) a mJ + 2 E a m+ld + Y a m+i,j - a mtk . 

j>k j<k j>k 

Hence, 

d{X) - d(A) - d(t/i) - 2 Y a m+i,j + 2 Y am 'i + 2cLm ' k 

j<k j>k 
j>k j>k 

as desired. □ 



6. Uniform spanning sets over Q(v) 

We now use the multiplication formulas to show the structure of quantum group 
type for t>-Schur super algebras. First, we describe a spanning set for S(m\n, r) whose 
members are linear combination of £a's with the same off-diagonal entries. To achieve 
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this goal, we need to extend further the multiplication formulas above to these ele- 
ments, generalising [IJ Lem. 5.3] to the super case. As is seen above, manipulating 
the sign is the key to the success of such generalisation. 
For A G M(m|ra), let 

A= ^ a i,j a k,i- (6.0.1) 

m+n>i>m>k>l 
m<j <l<m+n 

We will see in §8 that this number occurs naturally in a triangular relation. 
By the definition, we have the following. 

Lemma 6.1. Let \i G N m+n and B = (b itj ) G M(m\n). 

(1) If A = diag (//) or A = Eh,h+i + fi or A = E h+ i )h + \i, where X + \i := 
X + diag(/i) , then A = 0; 

(2) Ifh^m, the B + E h>k - E h+1 , k = B; 

(3) If h = m, then 

{B, if k < m; 

# ~ £i<m,j>m+i Kv if m + 1 = k; 

B + Ei> m , m<i <fc bid - Ei<mj>fc hj> ifm + Kk. 

Proof. Write a matrix A G M(m\n) in the form f^f 11 V where An is m x m. 

Then A is a sum of ai,ja kt i with a^j G A22 and a^,; G A 12 and j < I. So (1) is clear 
from the definition and (2) for h < m and (3) for k < m are clear. For the case h > m 
of (2), (a/i+i^ — and (a^ — l)aij occur in the sum. The remaining cases can 

be seen similarly. □ 

Consider now the set of matrices with zero diagonal: 

M(m\n) ± = {A = (a iyj ) G M(m\n) \ a iyi = 0, 1 < i < m + n}. 

For A G M(m|n) ± and j = {ji,j2, • • • ,j m +n) G Z m+n , define 



A(j,r) = 1 EA e A (m |^-|A|)(-l) A+A ^a + A, if \A\ < r; 

] 0, otherwise, 

where . = . s denotes the super (or signed) "dot product": 

m+n 

X . j — ^^( — lyXiji = X\jl + ■ ■ ■ + Xmjm — Xn+ljm+1 — ■ ■ ■ — \m+njm+n- (6.1.2) 
i=l 

Also, for notational simplicity in the multiplication formulas below, we define A(j,r) 
to be if A M(m\n, r). In particular, this is the case when A has a negative entry 
or an entry > 1 in the m x n or n x m block. Note that, since £a+a has the same 
Z 2 -grading degree A (see (ll.0.9|) ). A(j,r) is homogeneous of degree A. 
Let 

S(m\n, r) = S q ,(m\n, r) <g) Off). 
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We want to prove that S(m\n, r) is the span of {A(j, r) \ A £ M(m|n) ± , j £ Z n }. The 
following result shows that this span is closed under the multiplication by 0(j,r). 

Proposition 6.2. Forj,j' £ Z m+n and A = (a^z) £ M(m|n) ± ; we have in S(m\n,r) 

(1) 0(j,r)A(j',r) = v a * A >*A(j + j',r); 

(2) r)0(j, r) = t^^'Atf + j', r) . 

Proof. If |A| > r, then both sides are zero. Assume now \A\ < r. The proof of (1) 
follows from definition: 

lhs= vX ' j ^ E (-i^^W 

AeA(m|n,r) /jGA(m|n,r-|A|) 

= £ (-l)^ ( ^ +ro{A)) - j+M "W(A)a + M (by LemOD 

fj,eA(m\n,r—\A\) 

J2 (-lf^v T0 ^- j+ ^ j+j '^ A +» = RHS. 

lt£A(m\n,r—\A\) 

The proof of (2) is similar. □ 
Let S(m\n, 0) = 



(v) and O(j,0) = 1 for all j £ Z m+n . By Proposition [OJ 
similar to [U 13.29], we can get the following result. 

Corollary 6.3. For all r > 0, the set C r = {A(j,r) \ A £ M(m|n) ± ,j £ Z m+n } 
spans the v-Schur superalgebra S(m\n,r) over Q(v). 

Proof. Let T be the Q(t>)-span of C r . Then, by Proposition 16.21 T is closed under 
multiplication by 0(j,r) for all j £ Z m+n . The first thing we need to prove is that 
£a = ^diag(A) £ T for all A £ A(m\n,r). This is because 

m+ " r O(e,,r);0- 



6 



n 

i=l 



where 



0(e*,r);a 
A,- 



3=1 



Next, for any A £ M(m\n, r), let A 1 * 1 be the matrix obtained by replacing all the 
diagonal entries of A by 0. Then, putting A = co(A) and /x = yo(A), we have 
£a = ^^4 ± (0,r) = y4 ± (0,r)^A £ T, by again Proposition 16.21 Hence, T = S(m\n,r). 
For a more detailed argument, see the proof of [U Lem. 3.29]. 

By these uniform spanning sets C r , we define 

S(m\n) := J^«S(m|n,r) and 



□ 



r>0 



St(m|n) := span{A(j) | A £ M(m|n) ± , j £ Z m+n }, 
where ^C?) := ^^^(j\ r ) £ «S(m|n). 



(6.3.1; 



r>0 
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Note that, if we assign to A(j) the grading degree A, then 2t(m|n) is a superspace. 

Lemma 6.4. The set {A(j) \ A G M(m|n) ± ,ji G Z m+n } zs linearly independent and 
forms a basis of homogeneous elements for the superspace 2l(m|n). 

Proof. The proof is almost identical to the proof of [HI Prop. 4.1(2)] if we replace the 
vector 1 = (1, 1, . . . , 1) used in the last paragraph by = (1, . . . , 1, —1, . . . , —1). □ 

m n 

We will eventually prove that the subspace 2l(m|n) is a subalgebra isomorphic 
to the quantum supergroup XJ(Ql m i n ). We now show that it is closed under the 
multiplication by "generators". 

First, the formulas given in Proposition 16.21 gives, by taking sum over all r > 
(i.e. removing r throughout), the corresponding formulas in S(m\n). 

Proposition 6.5. For G Z m+n and A = (a^) G Mfaln)^, we have in S(m\n) 

(1) 0(j)A(j')=v™W«A(j + j'); 

(2) A(j')0(j) = v c °( A )*A(j + j'). 

In particular, 2l(m|n) is closed under the multiplication by 0(j). 



Note that the sign (— \) A+X in (16.1.ip disappears in the following cases: 
E h;h+1 (j,r)= v x - J £ Eh h+1+x and E h+1>h (j,r) = ^ v x « £ Eh+hh +\- 

AeA(m|n,r-— 1) XeA(m\n,r-l) 

For given 1 < h, k < m + n and A G M(m\n), let 





— e-h — e-h+i, 






= -eh~ e h+1 


• 


/(*) 


= fh{e k ,A) = 


y^Qfej - (-l) e ^a h+ i ij , and 

j>k j>k 


/'(*) 


= f' h (e k ,A) = 


Y a h+l,j ~ Y a/l 'J' where 
j<k j<k 


e 


= £h 7 h+i — h H 


- h + 1 G {0, 1} 



(6.5.1) 



(see (I5TTJ) . (15T2T2|) . and (15T2T5) ). For A G M(m|n) and fc G [l,m + n], define 

= a(k, A) = I ^< fc ^ * k l m; (6.5.2) 

So, for k < m, o~(k) is the entry sum of the submatrix with the upper right corner 
(m + 1, k — 1), while, for k > m + 1, cr(fc) is the entry sum of the left bottom n x m 
submatrix and the submatrix with the lower left corner (m, k + 1). 

Propositions 15.21 for p — 1 and 15.31 can now be combined and extended as follows. 



A REALISATION OF THE QUANTUM SUPERALGEBRA U( [ m|n ) 27 

Proposition 6.6. Maintain the notation introduced above. For given h G [l,m + n) 
and A = (a kt i) G M(m|n) ± , the following multiplication formulas of homogeneous 
elements hold in S(m\n,r) for all r > 0: 

(1) E hM1 (0,r)A(j,r) 

= (-ir (fc) ^ (fc) K, fc + lL|(^ + E h , k - E h+1>k )(j + a h , r) 

k<h,au+i,k>i 

J- (-ir«wj[ (fc) [a M + l] .(A + E h , k - E h+1>k )(j,r) 



k>h+l,a h+1 k >l 



i_ t ^s*(h)„J(h)-j h -i (A - E h+lih )(j + a h ,r) - (A - E h+hh )(j + (3 h ,r) 
+ { iJ w fc — ^ 

(2) £ h+Ml (0,r)A(j,r) 



= E (-IJ^wjUilaw-i,* + 1L, +1 (A - E h>k + r) 

fe<ft-,0^,fc>l 

+ (-l) e<T(fc) ^+?K + i, fc + lL 2 (A-^fc + ^^Cj-afc.r) 



i>fe+l,Ofc fc>l 



r 



h+1 



^a( h+ i) j'( h+ i)-j h+1 -i (A - E hth+1 )(j - oth, r) — (A — E hA+1 )(j + h , r) 

+ \ l ) V h+1 1 _ -2 

Moreover, summing over allr > fie. removing r throughout) gives the correspond- 
ing formulas in S(m\n). In particular, 2l(m|n) is closed under multiplication by 
E h>h+1 (0) and E h+ i th (0). 

Proof. If \A\ > r, then there is nothing to proved 

We now only prove (1); the proof of (2) is symmetric. First, we prove the h ^ m 
case. In this case, the sign (— l) e<T ( h ) and (— l) e become 1. 



E h , h+1 (0,r)A(j,r)= E ^ h+1+x E {-1) a +»v*Za +ii 

\GA(m\n,r— 1) fj,EA(m\n,i — \A\) 

= E (-^^^E h , h+1+ MA )+ ^ eh+1 U + , (by Lemuel)) 

/iGA(m|ro,r— \A\) 



/iGA(m|n,r— |A|) fce[l,m+ra] 
it! i 1 i>l 

(by Proposition I5.2I where A + = (af,-)). 



5 If |A| = r + 1, then |^ - E h +i,h\ = r and so (A - E h+hh ){j) = U-E h+1 , h . Thus, the last 
summand in the RHS of (1) is also zero. 
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By LemmaEH hi h ^ m, A + E h , k - E h+1)k + p. = A + p. Note also that ^ = 
v n-&h ? v^' 1 = v ,J "P h , and a^ k = a^ k whenever j ^ k. Moreover, by definition, 
f h (e k , A + n) = J2j> k a hj ~ Ej>fc a h+i,j for h^m. Thus, 

f h (e k ,A + f ,) = { fh [ ek > A) > [ik>h] (6.6.1) 

[f h {e k , A) + fi h - fi h+1 , if k < h. 

Hence, 

LHS = E v h k) l a h,k + l} vl (A + E h>k - E h+hk )(j,r) 

k>h+l,a h+lik >l 

+ v{ (k) [a h , k + l] vl (A + E Kk - E h+1>k ) (j + a h , r) 

k<h,a h+1 ^ k >l 

+ Y h + Y h+1 , 
where, noting = 0, 

y h+ i = E (-i)^v^ h+ % hth+1 + ij vl u + E hA+1 - Eh+1 , h+1+ , 

fi£A(m\n,r-\A\) 

= ^ h+1 ^la h , h+1 + l] vl J2 (-^~^'^A +EhM+1+ , 

/n'eA(m|n,r— |A| — 1) 

h 

and, if a h+ljh > 1, 

fi&A(m\n,r-\A\) 
/x£A(m|n,r— |A|) 

/ieA(m|ra,r— |A|) ^ 

,,,, . . q,(j*+eh)-ti+ a h) _ 7 i(M+eh)-W+/3h) 

- V ft 2^ 1 _ v -2 ?A-B h +i,fc+M+e h 

/u€A(m|n,r-|A|) ^ 

f{h)-j h -\ ( A ~ E h+hh){j + a/M r) - (^4 - E h+lih )(j + r) 



proving (1) for h ^ m. 
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We now prove the h = m case. By definition, 



AsA(m|n,r) fi£A(m\n,r— \A\) 

= 2^ { — ^) A+ ^ v>l ' i iE m>m+1 +ro{A)+ij,-co{E m>m+1 )iA+ i i 



H£A(m\n,r— \A\) 



^ (_l) A +M t ,M(_^Ei> m , J <fc< Jl; /m(e fe ,yl+/x) 



H^A(m\n,r—\A\) k£[l,m+n] 



m+ 1, fc — 



• [°m,fc + l \ v 2U+E m , k -E m+1 , k +» (by Proposition E31 where A + fi= (afj)). 
Now, by ( 15.2.51) . (16.6. II) becomes, for h = m, 

Ue k ,A + ri = i fm{ek > A) + fIm + fim+1 > if ^ m; (6.6.2) 
l/ m (e fe ,A), if fc > m. 



If fc < m and a m+ i t k = cl^+i fc — 1; then A + fi = A + E m ^ k — E m+1 ^ k + /i by Lemma 
6.11 and, by (I6.1.2p . /i . a m = \i m + fi m+ ±. Thus, in this case, the term 



(-i)^«(-i) E — < fc <^ /m(efc ' A) K, fc + n^A +Em , k - Em+1 , k+ » 
= (_i)^(_i)^^)+^w. [fl|)iii + i] u2 e A+Smfe _ Bm+lifc+ , 

= (-i) ff(fc) « /(fc) K fc + iL 2 (-i) A+ ^ fc -^ +i ' fc+M ^- (i+Qm) a + ^, fe -^ +1 , fe+ M- 

Substituting gives the first sum in the formula. 
If fc = m and a m+ i )m > 1, then we have 



(_l)^M.i ( _l)E i> ^ <ro a i , 1u / m (e roi A) Ia M |m + l] v2 U + E m , m -E m+1 , m+ » 

= (_l)E i > m ,< m a i , ( _l ) ^« u /M + ^+^ +1 | //m + l] f>a eA + J^, m -W.m+/. 

^(/x+e m ).(j'+a m ) _ l) (/x+e ra ).(j+/8 m ) 

:j — j ?A-E m+ i im +/x+e 



Applying Lemma 16.11 and substituting give the last term in the formula. 



If fc > m + 1 and a m +i,fc > 1 then, by Lemma 16.11 A + E m ^ — E m+ i^ + /x 



A + /i + Xlt>m,m<j<fc a i!j Si<m,j>fc a ij'> aI1C ^ 



^+l,fe+A t • 



So substituting gives the second sum in the formula. 
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Finally, if k — m + 1 and /i m+ i = a^ n+lm+1 > 1, by Lemma 16.11 A + /J, 
A + £ m , m +i + \i - e m+ i + J2i<m,j>m+i Hi and tne corresponding term becomes 



^_ ir (m + l V (m + l)-; m+1 |^^^ 

Now substituting gives the second last term. □ 

7. Generators and relations for the quantum supergroup U(0l m i n ) 

We now use the formulas in S(m\n) given in Propositions 16.51 and 16.61 to derive 
the defining relations for the quantum supergroup U(g( m | n ) inside <S(m|n). First, we 
recall the definition from [23]. Recall also the definition of the super commutator on 
homogeneous elements of a supernalgebra with parity function^: 

[x,y] = xy-(-i)%x 

Definition 7.1. The quantum enveloping superalgebra U(gl m | n ) is the algebra over 
Q(v) generated by 

K a , K" 1 , E hjh+1 , E h+1>h , (1 < a < m + n, 1 < h < m + n) 

which satisfy the following relations: 
(QS1) K a K^ = 1, K a K b = K b K a - 

(QS2) K a E h , h+ x = v a anh+1 E h , h+1 K a , ^aEh+l,h — v a ' ' + E/j-j-i ^KjjJ 

(QS3) [Efc h+i, Ek+i,k] = $h,k h h l 1 _„-i 

(QS4) E^h+iE^k+i = Ek,k+iEh,h+i, Eh+i t hEk+i,k — ^-k+\,k^-h+i,hi where \k — h\ > 1; 
(QS5) For /i^m, 

E^+iEft+i^+2 - (v h + f^ 1 )E ft:/)+ iE ?) , + i i / t+ 2E/ ) , i / 1+ i + E/i +1) / l+2 E^ jh+1 = 0, 
E^ft+i Eh-i.h — (v/i + u ?l 1 )E/ l) ft + iEft_ li 7 l E/ l> 7 l+ i + E/ l _i j ft,E^ h+1 = 0, 
Eh,+i,hE/ l+ 2,/i+i — + v h 1 )Eh+i t hEh+2,h+iEh+i,h + E/i+2,/i+iE^ +li/l = 0, 
Eft+i,hE/i,h-i — (v/i + f^ 1 )E/ l +i i / l Eft ; ^_iE/ l+ i^ + E/ li / l _iE^ +lft = 0; 

(QS6) E^ m+1 = E m+1)m = and [E mjm +i, E m „i im+ 2] = [E m +i )m , E m+ 2,m-i] = 0. 

Here, only E mim+ i, E m+ i jjn are odd generators and others are even generators. More- 
over, the quantum root vectors E a)6 , for a, b G [l,m + n] with \a — b\ > 1, is defined 
recursively as follows 

f E a;C E C;6 - v c E Cjb E ajC , if a > b; 

E ^={ C C -ir C (7.1.1) 

1^ E a>c E c>b - v c E Ci6 E ajC , if a < 6, 

where c can be taken to be an arbitrary index strictly between a and b, and E a ^ is 
homogeneous of degree E a b :=a + b . 
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By the quantum Schur-Weyl duality ([13 Thm. 4.4], §8], [HI §4]), it is known 
that there are algebra homomorphisms from U(gl m | n ) to <S(m|n, r) for all r > 0. 
These homomorphisms induce an algebra homomorphism from U(gl m |„) to the direct 
product S(m\n). We now use the multiplication formulas given in Propositions 16.51 
and 16.61 to explicitly define a Q(i>)-algebra homomorphism 7] : U($j[ m | n ) — > S(m\n). 

Let M(m|n) + (resp. M(m\n)~) be the subset of M(m\n) consisting of those matri- 
ces (djj) with ay = 0, for all % > j (resp. % < j). Recall also the symmetric Gaussian 

numbers \k] v , = Vh ^ . 

For the convenience of computation below, we list some special cases of Proposition 
I6T61 



Lemma 7.2. For 1 < h < m + n, let e = h + h + 1 and, for A + = (ay) G M{m\n) + 
and A~ = (ay) G M{m\n)~ , let (see f)6.5.2p ) 

o~ + {k) := a(k,A + ) = ay and cr _ (fc) = a(A;,y4~) = ay. 

i<m,j>k i>m+l,j<k 

Then the following multiplication formulas hold in S(m\n): 

(1) £ M . +1 (0)A + (0) = (-lJ^^wJ^R^ + 1]„ 2 (A+ + £ M+1 )(0) 

h 

+ ^ ( _ 1) - + (^/W Kfc + 1 J^ (y 4+ + Efhk _ ^ +life )( ); 

fc>/i+l,a h+ljfc >l 

(2) E h+hh (0)A-(0) = {-\r-^v(^[a h+lth + 1L, +1 (A" + E h+1>h )(0) 

(-iy a ~ {k) v(lfla h+1 , k + lj vl JA- - E h , k + E h+1 , k )(0). 

k<h,a h , k >l 

In particular, for k > 0, we have 

(3) E Kh+1 (0) k = [kl h (kE hM1 )(0) and E h+1>h (0) k = [kl h+i (kE h+ljh )(0), if h ^ m; 

(4) £ m , m+1 (0) fc = and £ m+1 , m (0) fc = 0, if A; > 1. 

Proof. Formulas (1) and (2) follows from Proposition 16.61 and (4) was seen from The- 
orem |4T5J We prove (3) by induction on k. By (1), 

E hM1 (0)£ M+1 (0) = v h ^^(2E hM1 )(0) = [2] Vh (2E hth+ i)(0). 

h 

By induction and (1), 

(E h , h+1 (0)) k+1 = [kl h E hM1 (0)(kE hM1 )(0) 

= [klAW+n v l((k + l)E hjh+1 )(0) 

= [k + l]l h ((k+l)E hth+1 )(0). 
The second formula in (3) can be proved similarly by applying (2). □ 

Let 

Ki = 0{ei), K7 l =0{- ei ), E h = E hth+1 (0), and F h = E h+l>h (0). 
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Theorem 7.3. There is a Q(v)-algebra homomorphism 

V ■ U(sL| n ) — y S{m\n) 
sending E h h+ i, E h+ i h and K^ 1 to E h ,F h and K^ 1 , respectively. 

Proof. It is enough to show that rj preserves all relations (QS1)-(QS6). 
(QS1) By Proposition 16. 5[ we have 

K a K~ l = 0(e a )0(-e a ) = O(0) = 1, 

and 

K a K b = 0(e a )0(e b ) = 0(e a+b ) = 0(e b )0(e a ) = K b K a . 



(QS2) For a & [1, m + n], by Proposition 16.51 we have 

K a E h = O(e a )E h>h+1 (0) = v T0 ^+^E h>h+1 (e a ) 
E h K a = E hM1 (0)O(e a ) = v c °( E ^- e *E hM1 (e a ). 

Since co(E hjh+1 ) = e h+1 and io(E hth +i) = e h , by 06.1. 2p. 

K a E h = v^- e >^- e *E h K a = v a a ' h ~ Sa ' h+1 E h K a . 

Similarly, one proves the second formula. 

(QS3) Let O = 0, Eij = i + j. By definition, for 1 < h, k < m + n — 1, 

[E h ,F k ] = E h F k - (-lf'^ E ^F k E h . 
(i) If h = k 7^ m, by Proposition 16. 6[ then 

, p i O(ah)-O(0h) 

i^hfh — {^h,h+l + &h+l,h){V) H zr 

v h - v h 

and 

FF-(F F vn\ I (- a h) - OjPh) 

Vh - v h 

Since E h ,h+x = 0, 

0(a h ) - 0(-a h ) KnK'l, - K~ l K h+l 



[Eh, F) 



h\ _i _i 



(ii) If h = k = m, then E m>m+ i = E m+ x >m = 1. By Proposition 16.61 

F F (F F Un\>°( a rn)-0{P m ) 

and 



V — V" 1 



f f -IF _|_ j? Vn N 0(-« m ) - Q(/3 m ) 

V — V 1 

Hence, 

[^iii] -^m] E m F m -\- F m E m 

_ Q(a m ) - Q(-a m ) _ -^m-^ m +i - -ftT^-ftTm+l 
U — i; -1 t; — 
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(iii) If h 7^ fc, then Eh,h+iEk+i,k — 0. By Proposition 16.61 

EhFk = (E hth+1 + Ek+i ; k)(0) = F k E h . 

Thus 

[Eh, Fk] = E h F k — F k E h = 0. 
(QS4) Similarly, for \h — k\ > 1, we have Eh+i,hEk+i,k = and 

FhFk = (Eh+i t h + Ek+i jk )(0) = FkFh 

and 

EhEk = (E h: h + i + E kik +i)(0) = E k E h . 
(QS5) These are the quantum Serre relations when h ^ m. By applying Lemma 
17.21 the argument in the proof of [H Lem. 5.6] carries over; see also the proof of [U 
Th. 13.33]. Note that, when h = m — 1, there is no sign affecting the computation of 
E m -\E m E m -\ or E m E 2 m _ x . 

(QS6) The relation E^ = = F^ is given in Lemma [7.2( 4). Finally, we prove 

[^(E m +2,m-l), F m ] = r](E m+ 2 t m-l)F m + F m r](E m+ 2 t m-l) = 0, 

where, by (17.1.11) . 

vi.^-m+2,m— i) F m j r \F m F m ^.\ v F m F rn +\F m _\ v F rn _\F m ^.\F m -\- F m _iF rn F rn ^_i. 
Applying Lemma [7.2( 2) repeatedly yields 
(1) F m j r \F m F rrL —\F rri F rn j r \F m { y E rnm —\ -\- E m j r \ m ){Q^ 

l,rn— 1 -S'm+l/m )(0) 

){0) + v{E m+l 

,rn— 1 

V 2 (E m+ i^ m _i + E m+ i tTn + -E m +2,m+l)(0), 

(2) F m F m j r \F rn _\F rn 

^tn-fm+l (-®m,m-l -^rri+l,m)(0) 

+ E m+2 , m )(0) + v((E m 

,m—l ,m+l )(o))) 

)(0) + v- 1 (E m , m _ 1 + E m+ 

l,m "I - E m s r 2 y m )(0) 

+ U(-E'm+I,m-1 + ^m+l,m + ^m+2,m+l )(0), 

(3) F m _iF m+ iF m F m = 0, and 

(4) Fm~lF m Fm+lFm F m —\F m 

)(0)) 

+ -^m+l,m)(0) — [E m ,m—l E m j r \^ rn 

Thus, 

7/(E m+ 2, m „i)F m = (1) - v~ 1 {2) - v(3) + (4) 

= (E m+ 2 t m-i + -E m +i jm )(0) + (t; — t; )(-E m+ i jm _i + E rn+ 2 tm )(0) 

)(0) 

+ (l-t;- 2 )( J E mim _ 1 + )(o). 
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We now compute the summands of F m ^(E m+ 2, m -i). By applying Lemma I7T27 2) 
repeatedly, we have 

)(0) + v~\E m+hm 

,m— 1 )(0)) 

Em ((-£m+2,7n-l )(0) + v{E m+hm _ 1 

,m+l )(0) + 

f 1 (E m+ 2 l m + -E'm,m-l)(0) + (-Sm+l,ro + -£m+2,m+l + -£m,m-l) (0)) 
,m— 1 + ^m+l,m)(0) +^" 1 ( J B m+ l 

,7ft— 1 + -£777+2,777) (0) + 

f 2 {E m ,m-\ + -£m+l,m + £? m+ 2,m)(0), 

(2) V ^m-fm-fm+l-fm-l Oj 

(3) ' EmE m —iF m +iF m F m F m _i ((E m +2,m)(0) + v(-E m+ i jJn + -£ m+ 2,m+l)(0)) 

= (-Em+1 ,777—1 + -£m+2,m) (0) + V (E m+ 2, m E m + \ m -\- E m m —\ 

)(0) + 

v (E m+ i jm _i + E m+ i tTn + -£ m +2,m+l )(0), 

and 

(4)' ((-£777+2,777+1 + -E m +i, m )(0)) 

— F m ((E m+ 2,m+i + E m+ i j7n + £' m)m _i)(0)) 

— (-£777+1,777-1 + -£777+1,777 + -£777+2,777+1 )(o). 

Thus, 

^(Em+2,m-l) = (1)' " W _1 (2)' - «(3)' + (4)' 
= —(-£777+2 ,777—1 

+ £ m+ i, m )(0) + (v 1 - u)(E m +i ,777—1 + -£m+2,m) (0) 
+ (l-^)(£ m+1 

,777—1 + -£?T7+1,777 + -£777+2,777+1 )(0) 

+ (f 2 — 1) (-£m,m-i + -£m+i,m + -£m+2,m) (0). 

Hence, [r)(E m+2 , m -i), F m ] = 0. Similarly, we can prove [£ m , 77(E m _i im+2 )] = 0. This 
completes the proof of the theorem. □ 

Corollary 7.4. There is a Q(v) -superalgebra homomorphism 

Vr ■ U(0( m |J — > S{m\n,r) 
sending E h ,h+i, E h+ i th and K^ 1 to E h)h+X (0, r), F h+1)h (0, r) and 0(±e a , r), respectively. 

In the last two section, we will prove that 77 induces an algebra isomorphism from 
U(^LJ to 2l(m|n). In other words, we want to show that 77 is injective and its 
image is %{m\n). For the latter, we prove that 2l(m|n) is generated by K^, E h , and 
Fh, while, for the former, we show that 77 sends a basis to a linearly independent set. 
We will see a monomial basis plays a key role in the proof. 

8. A SUPER TRIANGULAR RELATION 

We now aim to construct a monomial basis and a triangular relation from the 
monomial basis to the basis {A(j)}A,j- In this section, we first make the construction 
at the u-Schur superalgebra level. 
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We first recall (I1.0.3P and the Bruhat order on M(m\n, r) from [9]: if A = j(A, y, fi) 
and B = j(A, w, fx), then we define 

A < B -<=>- y < w (the Bruhat order on W) -<=>- W x yW p < WxiuW^. 

We first observe the following super version of [U Prop. 7.38] and [U Lem. 9.7] 
continue to hold. For a double coset D = W x dW p (d G T> x ), let 

td = (-qr e{zi) ^y X wT d T z 

be defined as in 0, (5.3.2)], where x X (o)y x m = X^ey^ - *?)^ 1 ^- 

Lemma 8.1. For d G V° X(1 and d! G V° v , let D = W x dW p , D' = W^dWy, A = 
j(A, d, jj) and A' = j(/i, d', u) . 

(1) IfT D T D , = J2 D >< eWxT >° u w u fD,D',D"T D ", then there exists a D with /d,d',a, 
and D" < D whenever fD,D',D" ^ 0. 

(2) If £a£a> = J2A»€M(m\n,r) 9a,A',A"£a» , then there exists a A with gA,A>,A ^ 
and A" < Aq whenever gA,A>,A» ^ 0. 

Proof. For (1), the proof of [H Prop. 7.38] carries over to the super case. A key 
observation is that the leading term in TdT^i is T Wd * Wd , which must occurs in some 
T D „ of the RHS. By 8.3,8.4], U = ±v*<p A where <p A is defined in (5.7.1)]. Thus, 
fD,D',D" = d^gA,A',A" for some d^ G Z, (2) follows from (1). □ 

The following lemma is the super version of [TJ Lem. 3.8] (see also [U Lem. 13.22]). 
The "lower terms" in an expression of the form "£4 + lower terms" means a Q(v)- 
linear combination of elements £b with B G M(m\n, r) and B < A (the Bruhat 
ordering on M(m + n, r) defined above. 

Lemma 8.2. Assume that 1 < k < m + n, 1 < h < m + n, and p G N. Let 

A G M(m\n, r), U p = U p (h, ro(y4)) ; and L p = L p (h, ro(A)) as in \^.Q. 

(1) If A E M(m\n,r) has the form 

( \ 

A= ■■■ a>h,k-i ■ ■ • 

• • • &h+l,k-l dh+l.k • • ■ 

v / 

with ah,j = 0, for k < j < m + n, dh+i,j = 0, for k + 1 < j < m + n, and 
a h +i,k > V, then 

( a ) iup^A = £,a p + lower terms, for h 7^ m, and 

(b) £,Ui£,a — (— l)^ i > m 'i< k aiJ ^Ai + lower terms, for h = m. 
where A p = A + pE h , k - pE h+l , k . 
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(2) If A G M(m\n,r) has the form 

( \ 

• • • cih,k a>h,k+i 
• • ■ a h+ltk+1 ■ ■ ■ 



A 



\ 



J 



with dhj = 0, for 1 < j < k — 1, Oh+ij = 0, for 1 < j < k, and ah,k > P, then 

(a) £,l p £,a = £,A P + lower terms, for h ^ m, and 

(b) £li£a — (—l)^ i > m >j< kai ' j £A 1 + lower terms, for h = m, 
where A p = A- pE h>k + pE h+1)k . 

Proof. When h ^ m, comparing Proposition 15.21 with [U theorem 13. 18] (1') and 
(2'), we find that if we replace v in [H theorem 13.18] (1') and (2') with v^, we get 
Proposition 15.21 Similar to the proof of [4j 13.22], we have £u p £a = £,a p + lower terms 
and £l p £a = £a p + lower terms respectively. 

When h = m, by Lemma [3TT| if Cu p Ca 7^ or £,l p £,a 7^ 0, then p = 1. Applying 
Proposition 15.31 to the matrix A in (1) or (2) gives the required formulas. □ 

Let 

2F = ^(m + n) = {(i, h,j) \ l<i<h<j<m + n}. 

There are two total ordering <j («'= 1,2) on ^ which are defined as follows (see jU 
p.562]): 

((i,h,j) <i (i\h',f) 

-<=>- one of the following three conditions is satisfied: 

> /, = f, i > i', and (iii)j = f, i = i',h< h'; 

(i,h,j) < 2 (»',/»', j') 
-<=>- one of the following three conditions is satisfied: 

(i)i < %', (ii)i = < f, and (iii)j = = i',h> h! . 
For example, &(3) = {(2, 2, 3), (1, 1, 3), (1, 2, 3), (1, 1, 2)} under < v In general, 

(^,<i) = (^ m+ n,...,^3,^ 2 ) and (^,< 2 ) = (^/,^ 2 / ,...,^ +n „ 1 ) (8.2.2) 

where, for every m + n > j > 2 and 1 < / < m + n, 3?j is the sequence (formed by 
inserting top row entries into the * entry below): 

l~l j - 2j - 1 . . . i,i + l, j-1 . . . 1,2,.. j-1 (8.2.3) 

while is the sequence: 

I . .. l + k-1,... ,1+1,1 ... m + n-1,... ,1 + 1,1. (8.2.4) 
s -v"' v v ' v «, ' 

(l,*,l+k) (l,*,m+n) 

The following definition is taken from pEJ Def. 13.23] which modifies the definition 
given in [I]. 



(8.2.r 
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Definition 8.3. Let A = (aij) G M(m\n) and define recursively almost diagonal 
matrices E^p for (i, h,j) G <i) as follows: 

(1) e[^ 2 is the matrix defined by the conditions that co(E[ A ^ 2 ) = co(A) and 
Eii 2 ~ a i,2-E'i ) 2 is diagonal; 

(2) If (i,h,j) is the immediate predecessor of (i',h',j'), then EYf^. is defined by 
the conditions that co{E { f^-) = to(E^, •,) and — ciijE^h+i is diagonal. 

Similarly, define recursively almost diagonal matrices i^^-, for (i,h,j) G <2), 
with respect to <2 as follows: 

(1) Ar _ 1 N (N = m+n) is the matrix defined by the conditions that F^_ 1 7V _ 1 ^y— 
o^at-i-EW^-i is diagonal and co(F^ A _ ) 1Ar _ 1Ar ) = to(E^1 1)N _ 1)N )] 

(2) If (i,h,j) is the immediate predecessor of (i',h',j'), then is defined by 
the conditions that co(F^'-) = ro(F^, .,) and i^l- — CLj,iEh+i,h is diagonal. 

It is easy to see from the definition that, if A G M(m|n, r), then all and F^. 
are in M(m|n, r). 

For A G M(m|n), define A as in flfi.0.11) . 

Theorem 8.4. Maintain the notation introduced above and let A = (ajj) G M(m\n,r) . 
The following triangular relation holds in S v (m\n,r): 

:= £ F w ■ Z E W = {-ifU + lower terms, (8.4.1) 

i.h.j i,h>i3 

(i,h,j)e(£T,< 2 ) ' (i,hj)e(^,<i) 

where the products are taken over the total orderings listed in f l8.2.2[) . In particular, 
the set a} A^M(m\n,r) forms a basis for S v (m\n,r) . 

Proof. We follow the proof of [U 13.24] by repeatedly applying Lemma [8.21 and care- 
fully manipulating the sign occurred in Lemma 18. 2( lb)fe(2b). 

We start with the largest element (1, 1, 2) in (jT, <i) and let v4 lil 2 = E[ ^ 2 . Repeat- 
edly applying Lemma l8~2l l) (and noting Lemma |6T4|) yields, for (i,h,j) G < x ) 

n , = (- i ) jv<,M u,jij + iower terms ' 

(i,h,j)<i(i',h',f) 
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where A^h, is the upper triangular matrix 



,h,j 

( Ai a 1)2 
A 2 — ai 2 























Qj-ij-i 

Q>i,j—1 
0>h,j-l 















... X 









\ - Ym=i a i,j 







A 



j+i 



V 



(8.4.2) 



Note that, if j < m and (i',h',j r ) >i (i,h,j), then /i' < m. So only Lemma [8.2( la) 
applies. Hence, all Ni hj = unless j > m + 1. Similarly, if j > m + 1 and (z, /i, j) is 
an immediate predecessor or an immediate successor of (i',h',j') with h ^ m, then 
= ^i',h',j'- Thus, if j > m + 1, then (see (18.2.31) ) 



,m+2,j 



3-1,3 - ^3-2,3-2,j-l 



N, 



m,m,j—l j 



(2) Ni + i tTn+ i t j — ■ ■ ■ — iYj_|_ij_ij — Ni t i t j — ■ ■ ■ — Ni tm —i t j — Ni tin j, 



for % < m, 



(3) Nj-ij-^j = ■■■ = N i+1>i+ljj = ■■ ■ = jV i+1J _ij = iV M)j = • • ■ = Nij-ij, for i > m. 

(8.4.3) 

Hence, all iV- values are determined by A^ mj - with 1 < i < m and m + l<j<m + n. 
We first claim the following recursive formula: 



0. 



if j = m + 1; 



AT, 



m,m,j 



N m ,m,j-1 + ^ a i',j' a i,ji if j > m + 2. 



m+n>i'>m>i>l, 
m<j' <j<m+n 



Indeed, W mi „ vm+ i = is clear since the (k, I) entry (A^m+i)^ = whenever k > m 
and I < m + 1. Assume now j > m + 2. For i — 1, by (18.4.31) (1). iVi )rn+ ij = N m>m> j-\. 
Then, by (I8.4.3p (2) and noting a^j = or 1 for all i < m, 



i'>m,m<j'<j 



i'>m,m<j'<j 



N- 



2,m,j 



r>m,m<j'<j 



i'>m,m<j'<j 



N, 



m,m,j 



N m -1. 



i'>m,m<j'<j 



i'>m>i>l 
m<j'<j 



proving the claim. 
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By the claim, we obtain a close formula: 
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N, 



rn.rn ,rn,+n 



m+n>i>m>k>l, 
m<j <l<m+n 



Thus, by (|8.4.3[) (3), N m>m , m+1 = N m+n _ hm+n _ hm+n and so 

:= C E W = (-l) A U m+n -i, m+n , m+ n + lower terms. 

(*,Me(^,<i) 

Now, for (i,h,j) e (&,<2) 



n * 



(i',h'j')6(^,<a) 
(i,h,j)<i(i',ti,j') 



i',h',j' 



£(E) = (-1) ^ 6^. + lower terms, 



where fe . is a matrix of the form 



/ Ai ai )2 
A 2 - ai, 2 



0-2,1—1 



ai,i 


























V o 





















a j + l,i 



(In particular, A' 112 = A.) From the matrix above, we see that (A^ 
f > m, i' < i. Hence, by Lemma l?T2"l all N' ih ^ = and 

n f. 

(i,Me(^,<2) 

as required. 



0-h+l,i+l 
Q>h+2,i+l 

a j,i+l 
a j+l,i+l 

for 



£(E) = (-1) a £a + lower terms, 



□ 



9. Realisation of the quantum general linear supergroups 

We are now in position to solve the realisation problem for XJ(gl m i n ) by first deter- 
mining the image of the homomorphism rj and then proving that rj is injective. This 
requires another triangular relation with respect the preorder ^ on M (m\n) (or more 
precisely on M(m|n) ± ) which we define now. This order has already been implicitly 
used in the proof of Lemma 18.21 
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For A = (aij),A' = (a- •) G M(m\n), define 



A'^A^l^ T,i<s,j>A,j<T,i<s,j>t a i,v foralls<t; 

(2) E i>s,j<t a i,j — J2i>s,j<t a i,j' f° r all S > t 



and 



These definitions are independent of the diagonal entries of a matrix. Moreover, the 
following is taken from [Q Lem. 3.6(1)] (see also [U Lem. 13.20,13.21]). 

A < B(the Bruhat order) =>- A ± -< B ± \\A±\\ < \\B ± \\, (9.0.5) 

where A, B G M(m|n, r) and X ± is the matrix obtained by replacing the diagonal 
entires by 0. 

Theorem 9.1. The (super) subspace 2t(m|n) o/ t/ie algebra S(m\n) defined as in 
(16.3.11) is the (super) subalgebra generated by 

E h = E h>h+1 {0),F h = E h+hh {0),Kf l = 0(±ei), 

/or all 1 < h < m + n and I < i < m + n. 

Proof. Let 2l(m|n)' be the subalgebra of S(m\n) generated by Eh, Fh, K i 1 . By Propo- 
sition [676], we have 2l(m|n)' C 2l(m|n). We now prove 2l(m|n) C 2l(m|n)' by induc- 
tion on || A|| . Clealy, if ||A|| = 0, A{j) = 0{j) = UT=T K i z £ &{m\n)' for all 
j G Z m+n . Assume now ||A|| > and B(j) G %{m\n)' for all j G Z m+n , whenever 
|| B || < ||A||. We need a triangular relation to complete the proof. 
By Lemma [7.21 we have 

I t? \(r\\ ^h,h+l(®) j / tp \/n\ E h +i h {0) 

(a itj E h>h+1 )(0) = — — and {a jt iE h+lth ){0) = - — - { . 

[ a ij\v h Y a j,i\v h+l 

Thus, repeatedly applying Proposition 16.61 yields 

(<2) (<l) 

Q (a jti E h+lih )(0) (a id E h , h+1 )(0) = £ 9A,BjB{j). 

(i,h,j)eS {i,h,j)£,5? BeM(m|n)± 



We now prove that gA,A,o — 1 an d B ~< A whenever gA,B,j 7^ and B ^ A. In 
other words, we show that the triangular relation established in Theorem 18.41 induces 
a triangular relation of the form 

(<2) (<l) 

IJ (Hi E h+i,h)(0) II Ki^M+i)(0) = A(0)+ Yl 9B,A,jB(j), 

{i,h,j)&£T (i,h,j)eS BeM(m\n) ± j£'E m+n 

B<A 

(9.1.1) 
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or equivalently, for all r > 0, 

(<2) (<l) 

Yl (a jti E h+l7h )(0,r) Yl (a iJ E hth+1 )(0,r) = A(0,r)+ ^ g BAJ B(j,r). 

Observe, for X,fi G A(m\n,r — \A\) and A^/i, the orthogonality relations 

^p(A+A)^ p (A+ M ) = 0, £ (a+a)£ p (a+m) = 0, and £ p (a+a) = 0, 

i,h,j i,h,j i,h,j i,h,i r N-1,N-1,N ^ N - 1 , N- 1 , JV 

where N = m + n. Thus, 

(<2) (<l) 

Q (a jti E h+ljh )(0,r) Yl (a it j E h,h+i)(0,r) 

(<a) ,, , (<i) 



n (- 1 ) ^ n (-1)^ c 

AeA(m|n,r-|A|) (i,h,j)e.!7 ' ' (i,h,j)€& 



Since £^+ A) = and F^+ A) = 0, by Theorem EH 

(<a) (<i) 

Yl (a jti E h+ljh )(0,r) Yl ( a i,j E h,h+i)(0,r) 

{i,hj)&? (i,hj)e^ 

(<a) (<i) 

s n n 

AGA(m|n,r-|A|) (i,h,j)£& (i,h,j)£,5? 

= ^2 ((-1) a+x Ca+x + lower terms) 

AeA(m|n,i — |A|) 

= A(0,r) + £ g B>A>j B(j,r), by 

_BGA/(m|n) ± ,B^A 

where "lower terms" is a linear combination of with I? G M(m|n) and B < A 
under Chevalley-Bruhat ordering in M(m|n). Hence, 09. 1 . 1 j) follows. 

To complete the proof, by ( I9.0.5P and induction, 09. 1 . ip implies that A(0) G 
2l(m|n)'. Finally, by Proposition I6.5[ for any j = (ji, j 2 , ■ ■ ■ ,j m +n) £ Z m+n , = 
u- co ^'A(0)O(j) G Sl(m|n)'. □ 

For any A = (a id ) G M{m\n) and j G Z m+n , let 

(<a) (<i) 

M Ai := JJ (a jti E h+lth )(0) ■ O(j) • JJ (a M £ M+1 )(0). 

Now, Lemma 16.41 and ( I9.1.ip implies immediately the first part of the following. 

Corollary 9.2. (1) The set SOT = {M AJ | A G M(m|n) ± , j G Z m+n } /orms a fraszs o/ 
homogeneous elements for 2l(m|n). 
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(2) The image of the algebra homomorphism r\ established in Theorem \ 7. 3\ is the 



subalgebra %l(m\n). 

We now use this basis to derive a basis, a monomial basis, for the quantum super- 
group U = U(gl m |J. 

For any A £ M(m|n) ± , j £ Z m+n , define 

M A >i = M[M' 2 - ■ • Mj ri+n _ 1 Kf • • • CM m+n • • • M 3 M 2 , (9.2.1) 

where, for 2 < j < m + n and l<k<m + n— 1, 



M _ p( a i-l,3')/'p( a i-l,i) p( a i-2,i)\ /p( a i.j)p( a i.j) p( a i.j)^ 
M i — C i-lJ lS'-2,i-lS'-lj ^""^1,2 "=2,3 ■■•tj-ij;, 



lAf pl a fc + l.fcj /pV a fc + 2,fcJ pl a fc + 2,fcj\ /pl a m + n,fej p K a m+n ,k ) p V"m + n 

IVI fc ~~ C fc+l,fc l C fc+2,fc+l C fc+l,fc J ' ' ' l C m+n,m+n-l ' ' ' t fc+2,fc+l C fc+l,fc ^> 

following the orders given in ( 18.2.31) and ( 18.2.41) . 

Corollary 9.3. The set Tt = {M A > j \ A £ M(m|n) ± , j £ Z m+n } /orms a basis of 
homogeneous elements for U(gl m i re ). 

Proof. Let Q + = X^t" be the +- part of the root lattice, where a« = a^t+i are 
simple roots and let U 1 * 1 be the ±-part of U. Then U + = © a eQ+U+ is Q + -graded. 
By inspecting a PBW type basis@ we see that 

dimU+ = #{A £ M{m\n) + \ a = Y,i<j a i,j a i,j}i 

where, for i < j, a^j = ati + • • • + Since r/(9Jt) = QJt is linearly independent, 

9Jt is linearly independent. In particular, 9Jt + := {M' 4,0 | A £ M(m|n) + } is linearly 
independent. A dimensional comparison shows that 9Jt + forms a basis for U + . Hence, 
SQt forms a basis for U since U = U~ <8> U° <g> U + . □ 

Now, rj sends QJt to a basis. Hence rj is injective and so we have established the 
following realisation. 

Theorem 9.4. The quantum enveloping superalgebra U(fll m | n ) is isomorphic to the 
superalgebra 2l(m|n). In particular, U(g( m | n ) can be regarded as the Q(v) -superalgebra 
whose underlying superspace is spanned by 

{A(j) | A £ M(m|n) ± , j £ Z m+n } 

and whose multiplication is given by the formulas in Propositions 1 6. 51 and \6.6[ 
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